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Abstract

Conservative discretizations of transport equations are based on integral formu-
lations that include the finite volume method (FVM) and conservative finite
difference methods (CFDMs). The FVM is used by most fluid dynamics simula-
tion packages and requires smoothly shifting grids for better convergence. This
motivates the study of the order of accuracy and rate of convergence of the FVM
on non-uniform grids. It is difficult to do such an analysis of the FVM on an
unstructured grid; however, the FVM is reduced to a CFDM on a Cartesian grid.
The effect of the order of accuracy and the rate of convergence of higher-order
CFDMs on arbitrarily varying grids are investigated. It is shown that higher-
order conservative discretizations on arbitrarily varying non-uniform grids need
some smoothness in the grid transition to be first-order accurate. The condition
to achieve first-order accuracy is also presented. If the grid is replaced by a grad-
ually varying grid, it is shown that conservative discretizations yield a better rate



of convergence. In this situation, a rate of convergence between one and the the-
oretical maximum can be achieved in dependence on the grid stretch/contraction
ratio. Numerical examples, including the linear convection-diffusion equation, the
lid-driven cavity problem, and the Taylor-Green vortex problem, are presented.

Keywords: Finite volume method, finite difference scheme, conservative
discretization, WENO, ENO

1 Introduction

The popular sub-classes of weighted residue methods to solve the governing equations
of fluid dynamics are the finite volume method (FVM), finite difference method
(FDM), and finite element method (FEM). The governing equations of fluid dynamics
are typically in integral or differential form [1]. The FVM [2] uses an integral-based
technique, the FDM employs a differential-based approach, and the FEM utilizes the
weak form of the governing equation. Because of its conservativeness and ability to
handle complicated geometries, the FVM is a common choice for fluid dynamics sim-
ulations. In practice, we use a finite-size mesh, so the integral-based approach may
be preferred over the differential-based techniques. The FDM is extended to the inte-
gral formulation by volume averaging, which yields a conservative finite difference
method (CFDM). Most of the weighted essentially non-oscillatory (WENO) schemes
are based either on FVMs [3] or on CFDMs [4]. CFDM-based WENO schemes have the
advantage that they are computationally less expensive than comparable FVM-based
WENO schemes [5].

Usually, the performance of a scheme is measured based on the order of accuracy
and rate of convergence. The rate of convergence refers to how quickly a convergent
sequence approaches its limit or how rapidly an iterative algorithm approaches its
solution. In numerical analysis and optimization, understanding the rate of conver-
gence is crucial for evaluating the efficiency of algorithms. In other words, we can say
it is the slope of a line drawn between the error in the numerical solution and the
number of grids used in the log-log plot.

To find the order of accuracy of a numerical scheme, we should expand the com-
putational molecule using Taylor’s series. After that, we should find the co-efficient of
the leading truncation error term, which will be a function of numbers and grid size.
The numerical value of the power term of the grid size in the leading truncation error
term defines the order of accuracy. This can also be written as the numerical value
of the power term in grid size present in the leading truncation error term when we
expand computational molecules in the finite difference formula using Taylor’s series.
Higher the order of accuracy, the numerical scheme satisfies higher-order derivative
terms in the Taylor series expansion.

The rate of convergence and the order of accuracy are similar as long as the grid
is uniform and the solution is smooth with some basic boundary conditions. However,
to attain the desired rate of convergence, we need a certain degree of regularity of
the grids on a non-uniform mesh [6]. On the other hand, some researchers claim that



the decrease in order of accuracy does not always imply a reduction in convergence
rate [7-17]. Most of the above works contend that the relationship between the rate
of convergence and the order of accuracy is weak. In fact, this situation may give rise
to a super-convergence phenomenon where the rate of convergence exceeds the order
of accuracy of the scheme [7, 8, 13]. In some circumstances, super-convergence occurs
when the grid stretch/contraction ratio is carefully controlled.

The super-convergence phenomenon reported in [3] is associated with the presence
of critical points in the solution. It is worth noting that critical points typically result
in lower-order convergence, but in some circumstances, non-linear behaviour in the
rate of convergence might result in a rate of convergence that is higher than the order
of accuracy [3]. The rate of convergence of the scheme in the gradually stretched grid
can be increased or decreased by adjusting the grid stretching factor, as is demon-
strated in [18]. The super-convergence is not simply a grid phenomenon; in some
circumstances, lower-order boundary treatment also leads to super-convergence [19].
Although the super-convergence phenomenon is beneficial, we are unaware of any prior
numerical analysis that can be used to predict super-convergence phenomena for a
given problem. Some researchers claim that when a non-uniform grid is adopted, the
order of accuracy or rate of convergence of conservative discretization is unaffected [7—
17]. Others claim that when a non-uniform grid is chosen, the order of accuracy in
conservative discretization is reduced [6, 20-27]. The degradation of the order of accu-
racy also depends on the nature of the equation. For example, hyperbolic equations
are considerably more sensitive to the grid quality than elliptic ones [23].

Poor convergence or divergence in the numerical solution obtained by CFD software
is commonly attributed to the quality of the computational grid. It is quite difficult [28]
to derive a comprehensive proof of discretization error and the rate of convergence
on an FVM-based unstructured grid. On a Cartesian grid, an FVM is simplified to a
conservative finite difference method (CFDM) [29]. It is relatively easier to investigate
the discretization error and rate of convergence of a conservative FDM compared to
an FVM on an unstructured grid. The error associated with the unstructured FVM
is significantly greater than that associated with the FVM on the Cartesian grid
because of interpolation, skewness, non-orthogonality, Jacobian transformation, and
other factors. The theoretical order of accuracy and the rate of convergence of the
higher-order CFDM on an arbitrarily varying non-uniform grid are studied in some
basic test cases. We employed a symbolic computational tool in MATLAB software
to do this because the theoretical proof for the order of accuracy by expanding the
Taylor series is exhaustive for an arbitrarily varying non-uniform grid.

In this work, we use a conservative framework used in the WENO schemes [5] that
we denote here as CFDM. The non-uniform version of CFDM is denoted as NCFDM.
In the same way, NFDM stands for a non-uniform finite difference technique. The
FVM is commonly used in most fluid dynamics simulation software packages. These
programs require smoothly varying grids to get better convergence. When an arbitrar-
ily varying non-uniform grid is employed, it may show divergence or poor convergence
rate. We investigate the order of accuracy and rate of convergence of conservative
discretization on several test cases implemented on different grid configurations. The
performance of NCFDM and NFDM on a uniform grid (U-grid), a non-uniform grid
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Fig. 1: Arbitrary varying non-uniform grid

(NU-grid), and a grid whose mesh widths in arithmetic progression (AP-grid) were
investigated for the test cases of derivative calculation (i.e., of pointwise values of
the derivative of a given function), the linear convection equation (LCE), the lin-
ear convection-diffusion equation (LCDE), the lid-driven cavity problem, and the
Taylor-Green vortex problem.

For a smooth solution, we need higher-order schemes to attain a high rate of
convergence. The accuracy of the solution depends not only on the schemes we used
but also on the grid we have chosen. Several articles formulate numerical algorithms for
non-uniform grids [30-36]. The higher-order finite difference scheme for a non-uniform
grid is presented in [10, 30, 31] and compact difference schemes are presented in [32—
34]. In the above literature, a linear transformation is deployed in the grid generation,
but in the present work, the grid is completely random and non-overlapping. We have
derived a generalized formula for derivative calculation without any mesh distribution
function, so the stencil size is much bigger than the above-mentioned works.

The paper is organized as follows. A brief introduction to the method and procedure
to develop conservative and non-conservative methods on uniform and non-uniform
grids are presented in section 2. There is no explicit NCFDM on an arbitrarily varying
grid available in the literature. So, we derive a formula to calculate the theoretical order
of accuracy. This may be the first work to present the explicit formulation of the CFDM
on an arbitrarily varying non-uniform grid and study the theoretical order of accuracy.
The performance of the NFDM and NCFDM on the derivative calculation, linear
convection equation, convection-diffusion equation, lid-driven cavity, and Taylor-Green
vortex problem using non-uniform, AP-grid, and the uniform grid are presented in
section 3. Conclusions are collected in section 4.

2 Schemes used in this work

The procedure to derive the conservative discretization on the uniform and non-
uniform grids is described in this section. To derive a higher-order conservative scheme
on a uniform mesh, we adopt the techniques utilized by Shu and Osher [5]. Here,
the method used for conservative discretization is extended to arbitrary shifting
non-uniform grids.

2.1 Finite difference method on a non-uniform grid

We derive a four-point finite difference method on the stencil {x; o, 2;—1, %, ;11 } on
a non-uniform grid. To this end a polynomial-based approach is employed [37]. See
Figure 1 for the mesh widths and nomenclature. To maintain uniformity in the order
of accuracy of various schemes when developing FD schemes, the grid points x;_3
and z; 49 are not used, but they are used in the conservative finite difference framework.



Assume now that we seek to calculate an approximate value of the derivative at x =
0 of a sufficiently smooth function uw = u(z) when only the values u(z;_2), ..., u(zi+1)
are known, and we therefore need to take the derivative of the unique interpolating
cubic polynomial, written in monomial form as p(z) = ag + a1x + asx® + asz3. For
ease of notation, we assume that x; = 0. The derivative of p(z) at =0 is

du

PR N@
dx

~ = 2.1
dx ai, ( )

=0

=0

and the coefficients ag, ..., a3 of p are identified from the requirements

P(xi—2) = uj—z = u(—Ax_g — Ax_1), p(xi—1) =ui—1 = u(-Azx_y),

(2.2)
p(z;) = ui :=u(0), p(Tit1) = wit1 := u(Axzy).
Solving the system defined by (2.2), namely
1 —(A{E,Q + A$,1) (Al',g + A$,1)2 —(A.’E,Q + Al',l)s ao Ui—2
1 —Ax_1 Ax? —Az? ar | | w1
1 0 0 0 N I T
1 Az Ax? Az as Uiy
for ag,...,as in terms of u;_o, ..., u;41 gives, by Cramer’s rule, ap = u;, a; = n1/dy,

as = ng/dy, and ag = ng/dy, where

ny = (u; — ui_1) (A3 Az, + AxAx®, + 2823 Az 1Az,
+ 3Ax2Ax_1Ax? 5 + 3A2 Az | Ax_y)
+ (wig1 — ug)(Ax? | Axd, + 2823 | Ax?, + Azt [ Ax_y)
+ (wim2 — ui—1)(AzfAa?) + AzfAa?,),
dy = A1 Az 1Az _o(Axy + Az_q1)(Az_1 + Ax_o)(Azy + Az + Ax_5).

(Since we are only interested in aq, the expressions for ns and ng are not written out
here.)

Theorem 1. The order of approzimation in (2.1) is three, that is if we assume that
Ax; < h for all i, then

du

du|  _ dp
dx

T dz

=X,

+0O(h*) =a; +0(h*) ash— 0. (2.3)

=T

Proof. To make the proof as short as possible, let us set

r=Ax_o, s:=Awx_y, t:=Aux. (2.4)



We then get

ny =X\ Uy SU1—1 S Ui+1t* Uy s U;—1 - Uj—2
Ui — Uj— Ujr1 — Uy S U; — Uj— T4+ SUuU; — Ui—
_ )\1 7 7—1 +)\2 1+1 ) +)\3<_ 0 1—1 + + ) 7 2)
S t T S r r+s
S U; — Uj— Uig1 — U  T+S, U — Uj—
_ <>\1 _ )\3> 7 1—1 + )\2 41 7 + )\3 T 7—2 (25)
T S t T r+s

where

A = rst?(r? +rt + 25t + 3rs +35%), Aoy =rs%t(r +5)%, A3 = —rs*t (s + 1),
dy =rst(s+t)(r+s)(r+s+1t).

We now wish to apply the Taylor expansions

wu; — Ui—1  du s d%u s d3u s% du 4
—— = (1) — s (@) + == (x) — == (75) + O(57),
s da:<x) 2dx2($)+6dx3($) 24dz4(x)+ (s%)
i1 —u;  du t d%u 2 d3u 3 dtu
T T @)t g ) G )+ 5y g @) + O,
u —ui—o _ du r+sd%u (r+s)? d3u (r +s)% d*u
r+s  dzx (w:) = 2 da? (w:) 6 da3 (w:) = 24  dazt (w:)
+O(r* + %)

as r,s,t — 0. Inserting these expressions into (2.5), taking into account that

r

(Al_i)\3>+/\2+ 1_5)\32/\1+)\2+/\3=d1,

2
—s<>\1 - S)\?,) + E)\2 _rts) A3 =0,
2 T 2

2r
)+ 5 =0 26)
T‘ZT (r+8)2(s+8)(r+5+1t) = wm,

and reverting to the previous notation, we get

4
ap =2 = du(:ci) + ?ZAxle—l(Ax—l + A*’”—Q)d i

1

This proves (2.3) if we consider that Az;Az_1(Az_1+Ax_5) = O(h®)ash — 0. O



2.2 Conservative finite difference method (CFDM) on the
uniform grids

Here, we shall discuss the approach widely used in essentially non-oscillatory (ENO)
schemes [38] and WENO schemes [39, 40]. Conservative discretizations are based on
cell averages. We define the cell average of u on the cell [x;_1/2,2i11/2] as

1 z+Az/2

a(e) = o u(€) de. (2.7)

The cell averages associated with x = x;,_1, z;, x;41 are

1 LTitk+1/2
Uik = U(Tivk) = E/ u(§)d§, k=-1,0,1.
Titk—1/2

To derive a third-order formulation, we assume that v = p is a quadratic polynomial
p(€) = a + b€ + c£2. Substituting this polynomial into (2.7) and integrating gives
p(r) = a + bx + c(x? + Az?/12). Suppose now that ;_ 1, @; and ;1 are given cell
averages of an arbitrary function u and we seek the coefficients a, b and c¢ of the
quadratic polynomial p that produces the same cell averages. To this end, we solve
the equations p(z;+x) = Uik, k = —1,0, 1, for a, b and ¢, which yields

a=a(t;—1,U;, Uit1) = i'aiJrl — Ui + U1,

2
b= b(i 1, s, Tisn) = ~Tigs1 — ~a
- Ui—1, Uiy Ui41) = 2uz+1 2“1717
(s ) = LA € S g
C = C(Uj—1,Uj, Ui+1) = 24uz+1 12“1 24uz—1-

After computing a, b and ¢, we obtain the cell-interface values

Az\? Az 1 5 1
pi+1/2 =a <2> + b? +c= —6Ui_1 + EU,; + guiﬂ. (28)

To calculate left cell-interface values, we now employ

1

a = a(tij—z, Ui—1,U;) = 5111‘—2 —Ui—1+ 5%‘, (2.9)
_ _ _ 1_ _ 3_
b= b(ui_g,ui_l,ui) = iui_g - 2ui_1 + iui, (210)
_ _ _ 1 _ 1_ 23 _
C = C(Ui_g, ui_l,ui) = 7ﬂui_2 —+ Eui_l —+ ﬂuz (211)
to obtain
Az\? Ax 1_ 5_ 1_
e (‘2> o (‘2> Tes gttt g (212)



The coefficients of (2.8) and (2.12) are the same but the grid index is shifted by
one. This so-called index shifting property [18, 41] is required to achieve higher-order
accuracy in the conservative discretization, which is only possible on a uniform grid
and is in general impossible on an arbitrarily varying non-uniform grid. The derivative
of u can be approximated in the conservative framework via

, Uip1/2 — Uj—1/2
)= ————" 2.13
P (@) AL (2.13)

(this formula is exact since p is a quadratic polynomial). Substituting (2.8) and (2.12)
into (2.13) gives

du

1
@(3’51) = p/(xi) + O(AJ}S) = — (2ﬂi+1 + 3u; — 6u;—1 + aifg) + (’)(Ax3) (2.14)

T 6Ax

Equation (2.14) is a third-order accurate conservative finite difference formulation
which is equivalent to a standard finite difference scheme.

2.3 Higher-order conservative discretization on an arbitrary
varying non-uniform grid (NCFDM)
An explicit formula for conservative discretization on an arbitrarily varying non-

uniform grid is not available, so we extend the method for the uniform mesh of
Section 2.2 to a non-uniform grid. The cell averages are now defined by

) z;—(Az_1+Ax_2/2)
1_1,1',2 - A u(g) dga
Ax_g+ Ax_3 /zi(Ax1+Ax2+Azg/2)
2 xifAz,l/Z
Ui = e u(§) dg,
Az_y + Ax_o /xi—(Aacl—i-sz/Q) 2.15
9 i+ Az /2 (2.15)
ﬂi = U d 5
Az_y + Az /wimlm ©)de
iy q — —— de.
Ui+1 Az, + Aay /zf,+A:cl/2 u(§) d§

Substituting the polynomial p(&) = a + b¢ + c£? into (2.15), solving for a, b and ¢
in terms of given cell averages @;_o, ..., U;1+1, and using these values of a, b and ¢ to
calculate cell-interface values, we obtain

Az_1\° Az_ Az > A
pi—1/2=a<— 21> +b(— 12:1)4—0, pi+1/2:a<2xl> +b(§1)+0,

where by using Cramer’s rule in a way similar to the proof of Theorem 1, we get
a= Na/Dd7 b= Nb/Dd and ¢ = NC/Dd with

N, = 12(’[74+1A.’L‘1 — U;Aze — 3u;Axy — 3u;Ax_1 — U AT _o + 2T 1 Ax_q



+ 201 Az + Ui 1 Ax_g + U1 Axy + U1 Ax_1),
Dy = (Azy +2A2_1 + Azx_5)(4A23 + 4Ax Axy + 6Az Az + 2A2_5 Az
+ Ax% + 3AxoAz_1 + Az _9Axo + 2A:E31 + Az_sAzx_q),
Ny = 4(Ta; Ax? 4 4;A03 — i1 Ax? — Tu; Az | — 4 Az 5 + 614 Az |
— 61 1 AT + U1 Axy — i1 A2+ U1 Ax? | + 55 Az Ay
4+ 1 Ax1 Ar_y — 51 Ax1Axg — Su;Ar_1Ax_o — ;1 AxiAx_
+ 51 Az 1Az _s),
N, = 4ﬂi+1Ax3_1 + 4121-_1A33i’ + 21ﬂiAx1Ax2_1 + 21171-A:E%Ax_1 + 3ﬁ¢AJZ1A$2_2
+ T8 Az Ax? | + TaAri Az o + 30;Ax3 Ay — 411 Az Ax?
— 3ﬂi+1Ax?Ax_1 + ﬂiAngmz_Q + ﬂiAngx_g - ﬂi+1Ax1Ax2_2
— U1 ATIAT o + Uy Az AzE + 410 AxiAxy — 3u; 1 Az Az
— 4ﬂi,1Ax%Am,1 + ﬂiHAx,le%Z + 4ﬂi+1Ax31Ax,2
— ﬂi_legsz_l — ai_legAx_l + 150;Az1 AxoAx_q
+ 5t; Ar1AxgAx_o + 150;Ax1Ax_1Ax_o + bu;AxoAx_1Ax_o
—du A Ax_1Ax_o —du_ 1 AxiAxsAx_y

Finally, the derivative of p at x = x; can be calculated using

D i — Pi— 2 N N-
d£_2P+1/2 Pi-1/2 ( 1 2>’ (2.16)

der 7 Az_1+ Az Ax_q+ Axg E_FQ

where

Ny = 5111-Ax‘;’ + ﬂiHAm? + 4ﬁi+1Ax‘31 — 2111-,1Aac‘;’ + QQiAxleg + 7ﬂiAa:%Ax2
+ 7174-A171A1:2_1 + 12ﬂiAfox_1 + 'ELiAzleQ_Q + 7ﬂiAx2Ax2_1
+ 3ﬂiA:U§Ax,1 + 8ﬂ¢+1Am1Am31 + 5ﬂ¢+1Am%Ax,1 + ﬂiAcngxzz
+ ﬁ,-+1Ax1Ax2_2 + Qﬁi_i'_lAl'%AI'_Q — ﬂ,-_leleg — 3111_1Ax%Ax2
— 301 ATTAT 1 + U1 A1 Ax? , + 401 Ax® Az o — U Az Ax?
— ﬁi_legAx_l + 150;Az1 AxoAx_1 — 4,1 Av1 Ao Ar_1 + ﬂiAngx_g
+ 5u; Ar 1 Ar_1Ax_o + 5U; AxoAx_1Ax_o + 4ﬂiAx§Ax,2 — ai,leQAﬁl
— ’l_l,i_lA.’EQASC2_1 + 5u;Ax1 Axo Az _o + 6U; 1 Az Ax_1Ax_o,

Dy = (2Ax1 + Axg + Ax_1)(Azy + 2A2_1 + Ax_3)
X (2Az1 + Azs + 2Ax_1 + Az _s),

Ny = @; Az | + du;Ax® 5 + 511 Az | — 20 o Ax® | + 8u;Ax_Ax?,
+ 7ﬂi,1Am1Am31 + QEi,lAa:%Ax,l + ﬂiAx,legg + 2ﬂiAx%1Ax,3
+ 7121-_1Ax1Ax2_2 + 312i_1Aa:%AJ;_2 — 3ai_2Ax1Ax2_1 — ﬂi_gAa:%Am_l
+ 4ﬂiAx%2Ax,3 + ﬂi,lelAa&g) + ﬂi,le%Ax,g - ﬁi,gAxle32



+ 7ﬂi,1Ax,1Ax32 + 12ﬂi,1Ax31Ax,2 + ﬂi,lAm,lA:ﬂ%:}
- ﬂi_gAm_lA:UQ_Q — 3111‘_2A1'2_1A1‘_2 + 15u;_1 Ax1Ar_1Ax_o
+ 51 A1 A _1Ax_3 — 4, o Ax1Ax_1Ax_o5 + ﬂiAx,gAm33
+ 5t 1 AT Az _9Ax_3 + 50 1Ax_Ax_oAx_3 + 5u; Az [ Ax_,
- ﬂi,gAm%Am,g + 6u; Ax_1Ax_sAx_3 + 4ﬁi,1Ax31Am,3,
Dy = (Axy +2Ax_1 + Ax_o)(Ax_1 + 2Az_o + Az_3)
X (Axy +2Ax_1 4+ 2Az_5 + Az _3).

Here the quantities u;_o, ..., %;4+1 are given by
Z_Li_2 = U(—A.T_l - AZE_Q), ’l_Lz'_l = u(—Aa:_l), ’L_LZ‘ = U(O), 1_L7;+1 = U(A.Il)

Theorem 2. Only in certain exceptional cases of grid spacing the derivative of p(x)
at x = x;, given by (2.16), is a first-order accurate approzimation to du/dx|,—,, .

Proof. The Taylor expansion of @ at x; up to the first derivative term is
_ _ du
w(z; +71) = u(x;) + T@(xl) +0(r) asT—0. (2.17)

The computational molecules ny, ng, di and ds in (2.16) involve 4;_o, @;—1, U;, and
wi+1. Thus, the Taylor expansions of each term give

du

Uj_o = ﬂ(l‘i) + (7A$_1 — Al'_g) d—(xl) + h.O.t.,
X
i—1 = u(z;) + (—Az_q) @(m) +h.o.t
i—1 — i —1 dr 7 (el (218)
U; = ﬂ(l‘l),

di
Ui41 = ﬂ(l‘l) + (ALEl) £($2) + h.o.t.,

where h.o.t. denotes higher-order terms in the Taylor expansion. Substituting (2.18)
into (2.16) and expanding each term using the Taylor series gives

@ _du Ny,

= @(.’Ez)dia, (219)

dx T=T;

where
ng = 2(Az]Az_y + 2021 Ax_5 + AxiAz_3 +12A23 A%
+ 24Axi’Ax,1Am,2 + 13Am?Am,1Ax,3 + 4Axi’Ax%2 + GA:E‘;’AJLQA:U,;;

+ Az A2? 5 + TATI Ao Az? | + 10A23 Az Az 1Az o + TAZ? Ao Az Az _3
—4ATI Az Ax? 5 + 35ATT A2 | + 90AI AT | Ax_o + 45AT AT | Ax_3

10



+53AziAr_1Ax? 4 + 56AIAx_ 1Az sAx_ 3+ 10A25Ar_Ax?,

+4AzT A2 5 + 9ATT AR JAx 5 + 2807 Az o Ax? 5 + 2Ax Axi Azt

+ 3Aw1Ax%Ax,1Am,2 + 2Ax1Ax§Ax,1Ax,3 - AxlA;ngﬁz

+ 22Ax1 AzoAx? | 4+ 52Ax1 AxoAx? | Ax_o + 29Ax Axo Az | Ax_3

+ 22Am1Ax2A:E,1A:C%2 + 33Ax1 AxoAx_1Ax_oAx_3 + 7Am1Ax2Ax,1Am33

— 5A:c1Ax2A93312 + 30A$1A:c4_1 + 89Ax1A:c‘(ile_2 + 41Ax1A:c§1A9:_3

+ TTAz Ax? | Ax?, + 1A Ax? | Az _sAx_3 + 1Az Ax? | Az?

+ ZIAxle_lA:rS_Q + 29A:v1A1’_1A:E2_2A:E_3

+ 6AJC1A$,1A$,2A$%3 + 2AJ;1AJU§2 + 4Am1Ax52Ax,3 + Amle%2Ax33

+5A23Ax3 | + 13Az2A2% | Ax_o + 17TAzY | Ax_5 +8A2* | Az 3

+ TAzEA2? | Ar_3 + TATAT 1 Ax? 5 + 9AZAT 1 Ax_oAx_3

+2A23Ar 1 Ax? 5 — AzdA2® , + 11Az Azt | + 30Az A2 | Az

+ 15Aac2AxilAm_3 + QOAngaﬁleQ_Q + 23Ax2Ax2_1Aa:_2Ax_3

+ 4Ax2Am%1Ax%3 + 5Ax2Ax,1Ax32Am,3 + AxQAx,le,gAxio,

+ 13A2% | Az?, 4+ 14A2° | Ax_oAx_3 +2A2° | Az? 4 + Ax? | Az?,

+5A2% | Ax? ) Ax_3 + Ax?  Ax_oAx? 5 — Ax_ Azt , — AxgAxt, +6A1° ),
do = (2Az1 + Ao + Ax_1)(Axy + 2A2_1 + Ax_o)(Ax_1 + 2Ax_o + Az_3)

X (2Ax1 + Axg + 2A2_1 + Az _5)(Azy + 2A2_1 + 2Ax_o + Az _3).

Equation (2.19) indicates that dp/dx|;—,, is a first-order approximation of d@t/d x|y,
only if

Na/da = 1. (2.20)
O
The consistency condition, also known as geometric-conservativness [42] (= = 1),

is satisfied only on some grid configurations like the arithmetic progression grid that
we will study in this work. If we consider the grid as a geometric progression like
Ar_3 = ag, Az _y = agr, ..., Az = agr* (where 7 is the common ratio), we will get
™= (7+1)2 The NCFDM scheme on the GP grid is at least first-order accurate when
r =1 or closer to one. Figure 2a shows the variation of % for different values of 7 in
GP grid. It is observed that the value of 7+ dI“Opb blgmﬁcantly when it deviates from
r=1.

The above condition (n,/d, = 1) may not be satisfied on a random grid. To test
this, we have generated 1000 random grids of different mesh widths. The value of n, /d,
for different samples are shown in Figure 2b. The mean of the distribution is 0.9237,
and the standard deviation is 0.3375. From this, it is clear that the random grid cannot
satisfy the condition. Only less than 0.1% of the grids satisfy |(n,/d,) — 1] < 0.001.
We tested and showed this using a numerical test case in section 3.
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Fig. 2: a) Variation of n,/d, for different » on GP grid. b) Variation of n,/d, on 1000
randomly generated grid

The NCFDM formulation in (2.16) can be simplified by choosing the grid config-
uration as AP. If we assume a linear progression of the mesh widths, namely Ax_3 =
ag, Axr_o=ag+d, Ax_1=a9+2d, Axi =ap+3d and Axs = ag+4d in
(2.16), we get

p M
oy . - : (2.21)
6 (2a + 17a3d + 52a3d? + 67aod® + 30d%)

dx T=T;

where

M = 6a3i; +4adi; 1 — 12a3t;_1 + 2a3t;_o + 65u;d® + 161;1d> — 1110, d>
+ 30ai_2d3 + 106a012id2 + 47agﬂld + 32a0ﬂi+1d2 + 20a(2)11i+1d
— 175&0’&2’,1(12 — 82@%’&4,1(1 + 37a0ﬂ¢,2d2 + 15a8ﬂi,2d,

ap is the mesh width of the first cell, and d is the common increment in the AP series.
Theorem 3. The accuracy of the scheme given in (2.21) at x = x; is first order.

Proof. The Taylor series up to the second derivative term, is

du 72 d%u

w(x; + 1) = ulz;) + Ta(m,) T

(z;) + O(r%) asT— 0. (2.22)
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Expanding the computational molecules in terms of Taylor series gives

Ui—o = u(z;) + (—2a9 — 3d) SZ( i)+ (_2%27'_3602%(@)
+ 7(_2%3!_ 3d)° %(m) 7(—2%4!— 3 %(m) .o,

s = ) + (g — 20) Sy 4 00 20
n (—aog—! 2d)3 %(wi) (_a04_! 2d)% %(%) L (2.23)

a; = u(0),

Tia1 = a(e:) + (a + 3d) %(m) + %% )

+ (aogi'&d)?)%(xl) W%(m) +....
When we substitute (2.23) in (2.16), we get
ey = P - Lot + T 50l e @j + 1033 E ks
o
(2.24)
d d%u

The leading truncation error term is — % (z;), so the scheme is first-order accurate.

O

12 dz?

When d = 0, the AP grid will be a uniform grid, so we will get a third-order
accurate scheme. This can be proved by expanding each term using the Taylor series.
Here, we shall derive it by evaluating the truncation term of the AP-formulation.
Theorem 4. The accuracy of (2.21) is third order when d — 0.

Proof. The equation (2.21) is

da M

dz 6 (2ad + 17a3d + 52a2d? + 67agd3 + 30d*)’

13



Upon simplification using a Taylor expansion at z = z;, we get

Ui—o = u(z;) + (—2a9 — 3d) jZ( i)+ M%(%)
+ 7(_2%3!_ 34 %(w) 7(_2%4!_ 3 %(Sﬂi) -
oo = () + (a0 — 20) S ) 4 02
n (—aog—! 2d)3 %(%) (_a04_! 2d)4 %(m o (2.25)
u; = u(0),
s = ) + (ao +30) ) 4 I
plot ST dn ) (o SR L
When we substitute (2.25) in (2.16), we get
%(m =x;) :%(xi)aj + 59%( )% + 103%(%)%
+ %(xz)%d + 65%(@)% + 17%(9@)% - %(mz)l% + h(.o.t..)
2.26

When we substitute d = 0 (or) very small value closer to zero, all the lower order
3
terms in (2.26) vanishes and we get dx4 %(2i)7%. The leading term in the truncation

error equation is (1127 so the order of accuracy of the scheme is third-order, which is
the maximum order of accuracy achieved for the first derivative formulation using i —2
to i + 1 stencil. So, when we use an AP grid with a very small value of d, we may get
the rate of convergence closer to the maximum theoretical order of accuracy on the
uniform grid formulation. O

Theorem 4 is tested using several numerical test cases in section 3. We have seen by
Theorem 2 that the NCFDM is not a first-order scheme. If we make the grid uniformly
stretched, the order of accuracy can be improved. We can obtain an accuracy of the
first order to the theoretical maximum order of the stencil based on the grid stretch
ratio. This could be one of the reasons why we use uniform grids or gradually varying
grids in computing tools. The order of accuracy issue only arises in the higher-order
conservative discretization applied on a non-uniform grid. This may happen when we
apply the methods developed for the uniform grid to a non-uniform grid. The finite
difference method developed for non-uniform grid does not show any issue on any grid.
The uniform grid is a sub-case of the non-uniform grid, so the non-uniform formulation
should be reduced to the uniform grid formulation when we make the grid uniform. We
shall test this by replacing the arbitrarily varying grid with a uniform grid in (2.16).

14



Table 1: Case 1 (computation of the derivative of u(x) = sin(x)): L? error and
rate of convergence of various schemes on non-uniform, AP, and uniform grids

n €2 R/c Mean R/c €2 R/c Mean R/c
NFDM NFDM NFDM NCFDM NCFDM NCFDM
101  1.2083E-4 1.0290E-1
NU-grid 201 1.4584E-5 3.0724 9.9700E-2  4.6000E-02
401  1.8307E-6  3.0047 3.0253 1.0560E-1 8.3400E-2 2.0366E-2
801  2.2986E-7  2.9989 1.0070E-1 6.8300E-2
101 1.2034E-4 4.3333E-4
AP-grid 201 1.4862E-5 3.0174 7.2333E-5 2.5827
401 1.8429E-6  3.0115 3.0117 1.2825E-5 2.0217 2.4739
801  2.2938E-7  3.0061 2.5271E-6 2.3434
101  1.1468E-4 5.6950E-6
U-grid 201  1.4497E-5  3.0053 3.6160E-7 3.0386
401  1.8204E-6  3.0210 3.0234 2.2780E-8 3.0210 3.0234
801  2.2799E-7  3.0026 1.4300E-9 3.0107

Theorem 5. The discretization given in (2.16) equivalent to the finite difference
scheme corresponds to the uniform grid when the uniform grid is applied.

Proof. Substituting Az_s = Ax_1 = Az = Azy = Az into (2.16) yields

dp 1
£ N (2041 + 3u; — 6U;—1 + Ui—2) + O(Az®). (2.27)

This is the third-order accurate finite difference method on a uniform grid. O

3 Numerical test cases

We now present the results of various discretizations on a uniform grid (the “U-grid”),
a non-uniform grid (“NU-grid”) and a grid with an arithmetic progression grid (“AP-
grid”) for the computation of derivatives, linear convection, linear convection-diffusion
equation, the lid-driven cavity problem, and the Taylor-Green vortex problem. The
uniform grid is generated by dividing the domain by 100, 200, 400, or 800 cells of equal
size. The arbitrarily varying non-uniform grid is generated by randomly perturbing
the uniform grid. The AP-grid is generated by making the grid size of AP series terms
(an = ag + nd, where ag = 1/150).

3.1 Case 1: computation of the derivative of a given function

We evaluate the rate of convergence of the scheme constructed on a non-uniform
grid by calculating the derivative of the smooth function u(z) = sinz with deriva-
tive du/dz = cosz. In various discretization approaches, the root mean square error
(e2) of the numerical solution is computed, and the rate of convergence is investi-
gated. The solution of the derivative obtained using various techniques is shown in
Figure 3 (a) and (c). Although the NFDM does not reveal any oscillations in the solu-
tion, the NCFDM does show oscillations. The reason for this is that when calculating
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Fig. 3: Case 1: computation of the derivative of a given function using various schemes:
(a) derivatives calculated on a non-uniform grid, (b) corresponding L? error versus
number of grid points, (c) derivatives calculated on an AP grid, (d) corresponding L?
error versus number of grid points.

cell-centered values, we employ cell-average interpolation, but when calculating cell-
interface values, we use standard interpolation. On the uniform grid, this will result in
higher-order accurate formulation, while on randomly stretched grids, it will result in
lower-order convergence. The rate of convergence of various discretization is depicted
in Figures 3 (b) and (d). The NFDM can achieve the desired rate of convergence,
whereas others do not with grid refinement.

The derivative calculation on AP-grid is shown in Figure 3 (c). Although there are
no oscillations in the AP-grid, the conservative discretization shows a slower rate of
convergence than the NFDM. It is noteworthy that conservative discretizations on a
non-uniform grid are not even first-order accurate, but all the schemes presented in this
work exhibit uniform convergence (see Figure 3 (d)). The rate of convergence obtained
on the AP-grid is higher than the order of accuracy calculated in Theorem 3 (which
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Fig. 4: Case 1: computation of the derivative of a given function using various schemes:
(a) the effect of the value of a on an AP-grid, (b) the effect of the value of d on an AP
grid, (c) derivatives calculated on a uniform grid, (d) L? error versus number of grid
points.

is one). We already studied in Theorem 4 that when we decrease d, we may get con-
vergence up to the order of accuracy corresponding to the uniform grid. Figures 4 (c)
and (d) show the variation of rate of convergence for different values of a and d. When
we reduce a, the rate of convergence reduces and becomes a saturated value of about
2.5. A small value of @ means that the points of the AP-grid approach a uniform
grid on which we got the rate of convergence about 3. Likewise, when we increase the
value of d (that means the grid stretching is high), the rate of convergence shows a
non-linear behavior. For this case, the rate of convergence is reduced to 1.0798 when
d = 1.5 x 1074, which is closer to the theoretical estimate.

Figure 4 (c) illustrates the solution on a uniform grid, and the corresponding rate
of convergence is presented in Figure 4 (d). When we make the grid uniform, all of
the schemes can deliver a rate of convergence equal to the stencil’s highest order of
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Fig. 5: Case 2 (linear advection equation): (a) numerical solutions on a non-uniform
grid at simulated time T' = 1, (b) corresponding L? errors versus number of grid points,
(c) numerical solutions on an AP grid at simulated time T' = 1, (d) corresponding L?
errors versus number of grid points.

accuracy, which is three. Table 1 shows the L? error, rate of convergence, and the
average rate of convergence on the three grids.

3.2 Case 2: the linear advection equation

The linear convection equation is:

ou ou

5 g =0 (3.1)

We study the linear convection equation (3.1) along with the initial condition u(x,0) =
sin . The problem is solved over the domain [—m, 7] with periodic boundary conditions
and the density is convected with velocity ¢ = 1. To calculate the rate of convergence,
the domain is subdivided into 101, 201, 401, and 801 grid points, and CFL number
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Fig. 6: Case 2 (linear advection equation): (a) numerical solutions on a uniform grid
at simulated time T = 1, (b) corresponding L? error versus number of grid points.

Table 2: Case 2 (linear advection equation): L? error and rate of convergence of
various schemes on non-uniform, AP, and uniform grids

n €2 R/c Mean R/c e2 R/c Mean R/c
NFDM NFDM NFDM NCFDM NCFDM NCFDM
101 1.5087E-5 4.1184E-3
NU-grid 201 1.8940E-6  3.0153 2.3715E-3 0.8020
401  2.3486E-7  3.0224 3.0140 1.1776E-3 1.0135 0.9395
801 2.9380E-8  3.0043 5.8832E-4 1.0030
101  1.2034E-4 3.5353E-3
AP-grid 201 1.4862E-5 3.0174 1.1229E-3 1.6545
401 1.8429E-6  3.0115 3.0117 3.4773E-4 1.6912 1.7059
801 2.2938E-7  3.0061 1.0181E-4 1.7720
101 1.4689E-5 1.4689E-05
U-grid 201 1.8366E-6  3.0212 1.8366E-06 3.0212
401 2.2815E-7  3.0198 3.0154 2.2815E-07 3.0198 3.0154
801  2.8519E-8  3.0053 2.8519E-08 3.0053

0.4 is used. The L? error is calculated at simulated time 7' = 1. For the time integra-
tion, we utilized HRK41 method [21], and for the spatial discretization, we employed
various non-uniform discretization methods described in this work. Figure 5 (a) shows
the solution of the linear convection equation using the non-uniform grid. Unlike spa-
tial derivative calculations, oscillations are not severe for conservative discretization.
Interestingly, the conservative schemes, which are not even theoretically first-order
accurate, have a rate of convergence that is slightly less than one. Figure 5 (c) shows
the solution on the AP-grid. On this grid, the conservative discretization also exhibits
a consistent convergence rate of greater than 1.6 (see Figure 5 (d)). Figure 6 (a) shows
the solution on a uniform grid. As expected, all schemes exhibit a rate of convergence
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Fig. 7: Case 3 (linear convection-diffusion equation): numerical solutions using NFDM
and NCFDM at simulated time T" = 1 with CFL = 0.3 and Pe = 0.3: (a) numeri-
cal solutions on a non-uniform grid, (b) corresponding approximate L? errors versus
the number of grid points, (¢) numerical solutions on an AP grid, (d) corresponding

approximate L? errors versus number of grid points.

that is nearly identical to the stencil’s maximum order of accuracy on this grid. The
L? errors on the different grids are tabulated in Table 2.

The CFDM and FDM are reduced to the same formulation on a uniform grid, and
the results of those inferences are the same on a uniform grid.

3.3 Case 3: linear convection-diffusion equation

The convection-diffusion equation is

ou @ 0%u

o or o
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Fig. 8: Case 3 (linear convection-diffusion equation): numerical solutions using NFDM
and NCFDM at simulated time 7" = 1 with CFL = 0.3 and Pe = 0.3: (a) numerical
solutions on a uniform grid, (b) corresponding approximate L? errors versus number
of grid points.

Table 3: Case 3 (linear convection-diffusion equation): L? error and rate of
convergence of various schemes on non-uniform, AP, and uniform grids

n e R/c Mean R/c €2 R/c Mean R/c
NFDM  NFDM NFDM NCFDM NCFDM NCFDM
101 1.29E-5 1.46E-3
NU-grid 201 1.66E-6  2.9832 8.57E-4 0.7769
401 2.05E-7  3.0279 3.0007 1.34E-3 0.6431 0.2941
801  2.59E-8  2.9909 7.96E-4 0.7488
101  4.68E-5 1.97E-2
AP-grid 201 4.82E-6  3.2786 6.00E-3 1.7138
401  4.14E-7  3.5434 3.5640 7.32E-4 3.0345 3.9491
801 2.83E-8  3.8699 5.34E-2 -7.099
101  1.31E-5 1.31E-5
U-grid 201 1.65E-6  3.0128 1.65E-6 3.0129
401  2.06E-7  3.0113 3.0098 2.06E-7 3.0114 3.0098
801 2.58E-8  3.0052 2.58E-8 3.0052

On various grids, we evaluated the performance of different methods developed in
this work on the linear convection-diffusion equation (3.2) with ¢ = 1 and ¢ = 0.1.
The initial condition used is u(z,0) = sin(x) with periodic boundary conditions. The
exact solution for this test case is u(x,t) = sin(x — ct) exp~¢. To investigate the rate
of convergence, the domain is divided into 100, 200, 400, and 800 cells. The fourth-
order NFDM is used to discretize the diffusion term. Though there are no significant
oscillations are present in the solution (see Figure 7 (a)), the conservative discretization
unable to give a uniform rate of convergence (see Figure 7 (b)). They are not only
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Table 4: Cases 1 to 3: summary of the performance of different schemes on uniform
(U), non-uniform (NU), and arithmetic progression (AP) grid

Method Grid R/condu/dx Oscill. R/conLC Oscill. R/conLCD Oscill

NFDM  NU-grid  3.0253 (3) No  3.0140 (3)  No 3.0007 (3) No
NFDM  AP-grid  3.0117 (3) No  3.0117(3)  No 3.5640 (3) No
NFDM U-grid 3.0234 (3) No  3.0154(3) No 3.0098 (3) No
NCFDM NU-grid  0.0103 (3) Yes 09395 (3)  No 0.2941 (3) No
NCFDM  AP-gid 2.4739 (3) No  1.7059 (3)  No 3.9491 (3) No
NCFDM  U-grid 3.0234 (3) No  3.01564(3) No 3.0098 (3) No

0.8

1 1
0 0.2 0.4 0.6 0.8

(a) NU-grid (b) AP-grid (c) U-grid
Fig. 9: Case 4 (lid-driven cavity problem): sample 51x 51 grid configurations

unable to produce a uniform rate of convergence on the NU-grid but also on the AP-
grid (see Figure 7 (d)). Similar to other test cases, they produce the expected rate of
convergence on the uniform grid (see Figure 8 (b)). Table 3 shows the L? error on the
various grids, and Table 4 summarizes the performance of schemes for Cases 1 to 3 on
different grids. In that table, the last column, the “oscill.” column, indicates whether
there are oscillations in the solution or not. Here LC refers to the linear convection
equation, and LCD refers to the linear convection-diffusion equation. On the AP-grid,
NFDM exhibits super-convergence.

3.4 Case 4: lid-driven cavity problem

The lid-driven cavity is a standard test case to validate the numerical scheme. Here,
we have used stream function-vorticity formulation to solve this test case.

V2QZ:_‘D’
05 o . 1,
E—!—(V-V)w—Rve.

The stream function 1/; and the velocity V are related by V =V x 1/7 In two space
dimensions, 1) = (0,0,9)T. Velocity and vorticity are connected by the relation & =
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Fig. 10: Case 4 (lid-driven cavity problem): numerical solution at simulated time
T = 50 on an arbitrarily perturbed non-uniform grid by (a) NFDM and (b) NCDFM
schemes and (c), (d) comparison with the results by Ghia et al. [43].

V x V. The test case is solved at a Reynolds number 100 on 101x101 grid configuration
over the domain [0, 1]x [0, 1]. The convection terms are discretized using NCFDM
and NFDM. The diffusion terms are discretized using a fourth-order finite difference
central scheme. The time advancement is carried out using the explicit Euler method.
The top surface of the lid is moved with a unit velocity. On the other surfaces, a no-slip
boundary condition is imposed. More details of the problem and the grid sensitivity
and error dynamics over time are found in [44].

The problem is solved up to simulated time 50 s and the performance of the different
schemes is compared with the experimental results by Ghia et al. [43]. Figures 10 (a)
and (b) show the stream function contour of NFDM and NCFDM, respectively, on
an arbitrarily perturbed non-uniform grid. From Figure 10, it is clear that NCFDM
shows oscillations in the solution (see Figure 10 (a)) but NFDM does not show any
oscillations (see Figure 10 (b)). Figure 10 (c) shows the z-velocity at location y = 0.5
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Fig. 11: Case 4 (lid-driven cavity problem): numerical solution at simulated time
T = 50 on an AP-grid by (a) NFDM and (b) NCDFM schemes and (c), (d) comparison
with the results by Ghia et al. [43].

of NFDM, CFDM and Ghia et al. Similarly, the y-velocity at x = 0.5 is presented in
Figure 10 (d). In both the velocity profiles, NCFDM shows oscillation but NFDM is
not showing oscillations. When we replace the non-uniform grid by a gradually varying
grid like the AP grid, oscillations disappear. Figures 11 (a) and (b) show the stream
function contour on an AP-grid where no oscillations are observed in the solution. That
is verified by cutting a plane at z = 0.5 and y = 0.5 in u- and v-velocity contours. As
expected, no oscillations are observed in Figure 11 which supports our conjecture that
NCFDM demands a smoothly varying grid but NFDM does not demand a smoothly
varying grid. Because both the schemes are reduced to the same formulation, there
is no difference in the results of the NCFDM and NFDM on a uniform grid (see
Figure 12).
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Fig. 12: Case 4 (lid-driven cavity problem): numerical solution at simulated time
T = 50 on a uniform grid by (a) NFDM and (b) NCDFM schemes and (c), (d)

()

(d)

comparison with the results by Ghia et al. [43].

3.5 Case 5: Taylor-Green vortex problem

The Taylor-Green vortex problem is another benchmark problem for the Navier-Stokes
equation proposed by Taylor and Green [45]. The same discretization procedure used
in the lid-driven cavity is used here but the domain size is changed to [0, 27] x [0, 27] to
allow for an easy application of periodic boundary conditions. The domain is divided

into 101 x 101 grid points with the initial condition

Y(z,y,0) = sinzsiny,

The exact solution for this problem is [34]

Y(z,y,t) =sinxsiny F(t),
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w(z,y,0) = 2sinzsiny.

w = 2sinzsinyF(¢),




Fig. 13: Case 5 (Taylor-Green vortex problem): numerical solution by NFDM and
NCDFM schemes at simulated time 7" = 50 on a non-uniform grid: (top) contours of
the stream function produced by (a) the NFDM scheme, (b) the NCDFM scheme, (c)
comparison of the stream function at z = 0.25 with the exact solution, (d) comparison
of the vorticity at = 0.25 with the exact solution.

where F(t) = exp(2vt), v =27/Re.

We here use the Reynolds number Re = 1000. More details about the instability
analysis of this problem and the mechanism which trigger the non-linear instability by
the evolution of disturbance mechanical energy and enstrophy are presented in [46].
Here also the performance of the NCFDM and NFDM is tested on the non-uniform
grid, AP-grid and uniform grid. Figures 13 (a) and (b) show the stream-function
contour of NFDM and NCFDM, respectively. From Figure 13 (b) it is clear that
NCFDM is unable to resolve the vortices present in the solution on a non-uniform grid
which is also reflected on the line plots of steam function and vorticity (see Figure 13).
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Fig. 14: Case 5 (Taylor-Green vortex problem): numerical solution by NFDM and
NCDFM schemes at simulated time T' = 50 on an AP-grid: (top) contours of the
stream function produced by (a) the NFDM scheme, (b) the NCDFM scheme, (c)
comparison of the stream function at = 0.25 with the exact solution, (d) comparison
of the vorticity at x = 0.25 with the exact solution.

The stream function and vorticity at location z = 0.25 are shown in Figures 13 (c)
and (d), respectively, on a non-uniform grid. From Figure 13, it is clear that the
oscillations are observed in NCFDM but NFDM is not showing any oscillations. In
addition, the amplitude of the solution also diffused and deviated away from the exact
solution in the case of NCFDM. Similarly to previous observations, these oscillations
disappear when we use an AP-grid or a uniform grid. Figures 14 (b) and 15 (b) show
the stream function contour of the present test case on an AP-grid and a uniform grid,
respectively. Similarly, the stream function and vorticity plot of an AP-grid at location
x = 0.25 are shown in Figure 14; for a uniform grid, results are shown in Figure 15.
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Fig. 15: Case 5 (Taylor-Green vortex problem): numerical solution by NFDM and
NCDFM schemes at simulated time 7' = 50 on a uniform grid: (top) contours of the
stream function produced by (a) the NFDM scheme, (b) the NCDFM scheme, (c)
comparison of the stream function at z = 0.25 with the exact solution, (d) comparison
of the vorticity at = 0.25 with the exact solution.

As expected, there are no oscillations in the solution using NCFDM, when we apply
this discretization on a gradually varying grid or uniform grid. These oscillations arise
in NCFDM for two potential reasons, One is the multi-cell averaging associated with
the higher-order conservative discretization, and the other is usage of cell-average
interpolation to calculate cell-centre values and standard point-based interpolation to
calculate the cell-interface value in the conservative discretization.
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4 Conclusions

When we numerically solve the transport equation over complex geometry, the
unstructured mesh is preferred over the uniform mesh. On an unstructured grid, the
grid stretch/contraction ratio plays an important role in the accuracy of the solution.
We should use a gradually shifting grid for better convergence and more accurate
results. In the present study, we investigated the effect of the rate of convergence and
order of accuracy on an arbitrary shifting non-uniform grid in the Cartesian grid when
we use conservative framework. Determining the theoretical order of accuracy of FVM
on an unstructured grid is challenging, but it is relatively simple on a Cartesian grid.
In this work, we focused on CFDM because FVM and CFDM are reduced to the same
formulation on a Cartesian grid. We have theoretically shown that the order of accu-
racy of CFDM on any arbitrarily varying non-uniform grid solely depends on the grid
used. For an arbitrary non-uniform grid, the scheme may not always a first-order accu-
rate. The condition required to achieve minimum first-order accuracy on an arbitrary
non-uniform grid is also present. Because the derivation procedure is lengthy and com-
plex, symbolic computational tools were utilised. Due to skewness, non-orthogonality,
and significant inaccuracy in gradient calculations and interpolations, the unstruc-
tured mesh has higher errors than the Cartesian grid. So FVM on the non-Cartesian
mesh is likely to have more errors on an unstructured grid than on the Cartesian grid.

The rate of convergence and order of accuracy of NFDM and NCFDM are studied
on a uniform grid, non-uniform grid, and arithmetic progression grid on simple deriva-
tive calculation, linear advection equation, and linear advection-diffusion equation. As
expected, NCFDM shows poor convergence or results on the non-uniform grid. Sur-
prisingly, this higher-order NCFDM has shown a uniform convergence rate of slightly
lower than one for the linear advection equation. They produced a higher rate of con-
vergence on the AP grid than on an arbitrarily shifting grid. We have theoretically
and numerically shown that the rate of convergence on the AP-grid can be improved
by adjusting the value of d. On the uniform grid, they produced the expected rate of
convergence for all the test cases equivalent to NFDM schemes.

Apart from linear equations, we have also tested the performance of NCFDM
and NFDM on non-linear problems with various grid configurations like the random
non-uniform grid, AP-grid, and uniform grid. The test cases we considered are the
lid-driven cavity and the Taylor-Green vortex problem. Similar to linear test cases,
NCFDM produced oscillations in the solution, but NFDM did not produce any oscil-
lations. As expected, no oscillations are observed on the uniform grid and AP grid.
The oscillations that arise in the higher-order NCFDM may be because we use two
different interpolation polynomials: cell-averaged stencil to calculate the cell-center
value and point-wise interpolation for cell-interface calculation. This procedure helps
achieve higher-order accuracy on uniform mesh because of the index-shifting property.
This high order cannot be attained on random non-uniform grids. The cell-averaged
polynomial is widely used in deriving weighted essentially non-oscillatory schemes to
get higher-order convergence on a uniform grid. The proposed limitation is also valid
for the sub-stencil derivation of the WENO formulation. This may limit the extension
of explicit formulation of the conservative WENO scheme on the non-uniform grid
based on multi-cell averaging. The scope of the present work is restricted to Cartesian
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mesh with orthogonal faces. In the future, the proof will be extended to faces that
have non-orthogonal edges so that errors due to orthogonality and skewness can be
quantified.

Availability of data and materials. The codes for conservative FDM and
FDM for the non-uniform grid are available in the https://github.com/AGN000/
Conservative-NFDM /tree/main. Other codes can be obtained from the authors based
on reasonable request.
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