
UNIVERSIDAD DE CONCEPCIÓN
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INTERACTION OF JAMITONS IN SECOND-ORDER MACROSCOPIC

TRAFFIC MODELS

RAIMUND BÜRGER, CLAUDIO MUÑOZ, AND SEBASTIÁN TAPIA

Abstract. Jamitons are self-sustained traveling wave solutions that arise in certain second-order
macroscopic models of vehicular traffic. A necessary condition for a jamiton to appear is that
the local traffic density breaks the so-called sub-characteristic condition. This condition states
that the characteristic velocity of the corresponding first-order Lighthill-Whitham-Richards (LWR)
model formed with the same desired speed function is enclosed by the characteristic speeds of the
corresponding second-order model. The phenomenon of collision of jamitons in second-order models
of traffic flow is studied analytically and numerically for the particular case of the second-order Aw-
Rascle-Zhang (ARZ) traffic model [A. Aw, M. Rascle, SIAM J. Appl. Math. 60 (2000) 916–938;
H. M. Zhang, Transp. Res. B 36 (2002) 275–290]. A compatibility condition is first defined to
select jamitons that can collide each other. The collision of jamitons produces a new jamiton with
a velocity different from the initial ones. It is observed that the exit velocities smooth out the
velocity of the test jamiton and the initial velocities of the jamitons that collide. Other properties
such as the amplitude of the exit jamitons, lengths, and maximum density are also explored. In
the cases of the amplitude and maximum exit density it turns out that over a wide range of sonic
densities, the exit values exceed or equal the input values. On the other hand, the resulting jamiton
has a greater length than the incoming ones. Finally, the behavior for various driver reaction times
is explored. It is obtained that some properties do not depend on that time, such as the amplitude,
exit velocity, or maximum density, while the exit length does depend on driver reaction time.

1. Introduction

1.1. Scope. Jamitons are self-sustained traveling wave solutions that arise in second-order models
of vehicular traffic. Here we understand as a second-order trafffic model as pair of one-dimensional
balance equations that represent the analogues of conservation of mass and linear momentum in
continuum mechanics. The notion of “jamiton”, an apparent amalgamation of traffic “jam” and
“soliton”, was coined by Flynn et al. in [1], and studied in the context of the fundamental diagram
of traffic flow by Seibold et al. [2]. The term “jamiton” is, however, not yet universally used in the
traffic modelling literature (cf., e.g., [3,4]). One widely studied second-order model that describes
the formation of jamitons is the inhomogeneous Aw-Rascle-Zhang (ARZ) model [5,6] given by

∂tρ+ ρt∂x(ρu) = 0,

∂t
(
u+ h(ρ)

)
+ u∂x

(
u+ h(ρ)

)
=

U(ρ)− u

τ
,

(1.1)

2000 Mathematics Subject Classification. 35L65,35L67,35L70,35Q49.
Key words and phrases. Traffic flow, jamitons, stability, collision.
R.B. was partially spported by ANID (Chile) through projects Fondecyt 1210610; Anillo ANID/ACT210030;
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where t is time, x is spatial position, ρ = ρ(x, t) is the sought density of vehicles (assumed to take
values between zero and some maximal density ρmax), u = u(x, t) is the unknown velocity, h = h(ρ)
is a strictly increasing hesitation function, U = U(ρ) is the desired speed that is assumed to be a
given decreasing function, and τ > 0 is a relaxation time. It is the purpose of the present work to
undertake a mathematical study of the collision of jamitons for (1.1), elucidating the behavior of a
jamiton following its collision with another jamiton, studying its size and output velocity. To the
knowledge of the authors and known works, this type of study has not been undertaken previously.

1.2. Related work. From a mathematical standpoint, traffic models have been studied from at
least three different perspectives in recent years, each distinguished by its own particular approach,
namely microscopic models, cellular automata models, and macroscopic models. These approaches
do not operate independently but are consistent in both their formulations and the phenomena
encompassed. For instance, the simplest Nagel-Schreckenberg cellular automaton model [7] turns
out to be a particular case of the numerical discretization of the macroscopic Lighthill-Whitham-
Richards (LWR) model [8,9]. Similarly, the discrete cell transmission model by Hilliges and Weidlich
[10] represents a monotone numerical scheme for the LWR model that can even be extended to
the multiclass case [11,12]. We mainly focus here on macroscopic traffic models that describe
vehicular traffic by a two-phase continuum approach. Introductions to this class of models include
[3,4,13]. Macroscopic or continuous models no longer follow the behavior of individual vehicles but
rather focus on vehicle density and the velocity field (the velocity present at a particular time and
location). They are also related to microscopic or cellular automaton models. For example, in [14],
equivalences between continuous and microscopic models are established, while in [15], equivalences
with cellular automata are discussed.

This type of models presents several advantages for the study of vehicular traffic. For instance,
they are preferred in terms of safety and data privacy as they do not access individual vehicle
data directly. They also offer good precision and estimation at a large scale for noisy or sparse
data [16,17]. Moreover, they can be extended to routes with multiple lanes or to control problems
[18]. Summarizing, macroscopic models usually give rise to partial differential equations (PDEs) or
systems of PDEs, and many features of traffic flow can be derived from their qualitative properties
as well as by applying numerical methods, see monographs on hyperbolic conservation laws and
their numerical treatment (cf., e.g., [19–23]).

The authors’ interest in collisions of traffic flow interactions that should have a potentially
complicated structure is in part motivated by the so-called conjectured fractal exit velocity that
appears in dispersive collisions. An important simplified model of these phenomena is the well-
known ϕ4 equation

∂ttϕ− ∂xxϕ− ϕ+ ϕ3 = 0, ϕ(x, t) ∈ R, (x, t) ∈ R2. (1.2)

whose solutions may exhibit these collisions. (Equation (1.2) is also known under various other
names, such as “u-4 model” [24] or “cubic Klein-Gordon equation” [25].) Equation (1.2) admits a
family of traveling wave solutions, called kinks, that are given by

ϕ(x, t) = ϕK(x− vt) = tanh

(
x− x0 − vt√
2(1− v2)

)
, (1.3)

where v ∈ (−1, 1) is the (fixed) input velocity. On the other hand, the antikink solution corresponds
to the same wave but traveling in the opposite direction, ϕK̄(x, t) = −ϕK(x+ vt). From numerical
simulations, one observes that equation (1.2) presents a fractal behavior for the output velocities
after the collision, based on the input velocities. The phenomenon of the output velocities in the
ϕ4 equation has been extensively studied in the literature, see e.g. [26–31], where the phenomenon
known as the “multiple-bounce” resonance effect is described mathematically.
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1.3. Outline of the paper. In this paper we study, from a numerical point of view, collisions
of jamitons, seeking to represent real-life jam collisions. This work is organized as follows. First
of all, in Section 2 we present the macroscopic traffic models to be explored. Their properties,
conditions, and relation to the fundamental diagram are discussed. In Section 3, the mathematical
construction of jamitons is presented, including their definition, derivation from the traffic model,
and several properties that they exhibit, in particular stability and asymptotic stability. In Sec-
tion 4 a numerical scheme for the simulation of a jamiton is outlined. The scheme is validated
by comparison with theoretical jamitons and results observed in the literature will be replicated,
such as the emergence of jamitons on a long, essentially infinite, route. Finally, in Section 5, the
procedure for the simulation of the collision of jamitons is described. This includes the initial con-
figuration, conditions that jamitons must meet to collide, and the selection of jamitons. The chosen
jamitons are caused to collide, and possible properties arising from the collision will be studied.
Section 6 presents conclusions and future work.

2. Macroscopic models

2.1. Preliminaries. Macroscopic models describe vehicular traffic as two continuous phases (ve-
hicles and the void space). The spatio-temporal evolution of vehicle density is modeled through
scalar conservation PDEs. The main variables are usually the density ρ = ρ(x, t), which represents
the number of vehicles per unit length and will always is assumed nonnegative, the velocity field
u = u(x, t) that represents the local car velocity at position x at time t, and the vehicle flow rate
Q = ρu, which indicates the number of vehicles passing a fixed point per unit of time. (Some
important modifications to the previous setting are formulated within kinetic models. We will not
consider these formulations here, but for a detailed introduction and results, including the collision
phenomenon, see [32–34].) With these variables it is possible to deduce the principle of conservation
of mass in integral form,

d

dt

∫ b

a
ρ(x, t) dx = ρ(a, t)u(a, t)− ρ(b, t)u(b, t) for any interval [a, b] ⊂ R and t ≥ 0, (2.1)

which indicates that vehicles are neither created nor destroyed, and from (2.1) we deduce the
conservation PDE in differential form

∂tρ+ ∂x(ρu) = 0. (2.2)

The model (2.2) is still incomplete since there are two unknowns (ρ and u) and only one equation.
The well-known Lighthill-Whitham-Richards (LWR) model [8,9] provides the required model clo-
sure via the kinematic assumption u = u(ρ). In contrast, second-order models such as the ARZ
model (1.1) or the Payne-Whitham (PW) model [35,36] (to be outlined in Section 2.4) add a second
equation for the velocity field that makes both variables ρ and u independent. Before continuing,
it is necessary to introduce the concept of fundamental diagram for both first- and second-order
traffic models. The fundamental diagram condenses the main properties to be encapsulated in
macroscopic models, such as vehicular congestion or free flow at low densities.

2.2. Fundamental diagram. The fundamental diagram is the plot of empirical measures of vehi-
cle flow rate versus density. An example of a fundamental diagram obtained from a 2003 Minnesota
Department of Transportation [37] database of a highway sensor is shown in Figure 1(a). In macro-
scopic models the fundamental diagram is approximated by a unimodal function (i.e., a function
that has one extremum) Q = Q(ρ). Then Q is given by Q(ρ) = ρU(ρ), where U(ρ) is known as the
desired speed, which is a decreasing function of ρ (higher vehicle density implies less freedom of
movement for vehicles). In other words, the decreasing behavior of U(ρ) describes drivers’ attitude
to reduce speed with increasing local traffic density ρ.
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(a) (b)

Figure 1. Example of an empirical fundamental diagram with its phases: (a) fun-
damental diagram, (b) decomposition of the flow in two phases.

The first fundamental diagram (FD) was measured in the 1930s by Greenshields [38] and led to
the quadratic expression Q(ρ) = umaxρ(1− ρ/ρmax), corresponding to

U(ρ) = umax(1− ρ/ρmax), (2.3)

where umax is a maximal velocity (corresponding to a free highway) and ρmax is a maximal density
of cars, usualled associated with a bumper-to-bumper situation. Subsequent studies revealed that
a quadratic approximation would not be adequate and numerous alternative functions have been
proposed, such as piecewise linear functions [39,40] or bi-quadratic ones [41]. Usually, the funda-
mental diagram is classified into two or three phases, depending on the theory. The two-phase
theory divides the FD into free-flow and synchronized-flow phases, as shown in Figure 1(b). The
three-phase theory identifies flow for low density (free flow), medium density (synchronized flow),
or high density (moving jams) [42]. This subdivision into different regimes defines various portions
of the function Q = Q(ρ). An example of a function Q(ρ) can be the Newell-Daganzo flow [39,40],
which corresponds to a piecewise linear flow given by

Q(ρ) =


Qmaxρ

ρc
if 0 ≤ ρ < ρc,

Qmax

(
ρmax − ρ

ρmax − ρc

)
if ρc ≤ ρ < ρmax,

(2.4)

where Qmax = umaxρc and ρc is the so-called critical density at which the flow is maximal. Another
example is the function

Q(ρ) = c

(
g(0) + (g(1)− g(0))

ρ

ρmax
− g

(
ρ

ρmax

))
with g(y) :=

√
1 +

(
y − b

λ

)2

(2.5)

proposed in [2], which is a smoothed version of the Newell-Daganzo flow (2.4) and whose parameters
(c, b, λ) can be adjusted by using least squares with a dataset to approximate any fundamental
diagram [43]. In Figure 2(b) the various flows mentioned are compared, where we set ρc := ρmax/3.

2.3. LWR model. The LWR model (or kinematic traffic model) [8,9] is based on a fundamental
relationship between ρ and u. Let u(ρ) = U(ρ), where U(ρ) is defined based on the fundamental
diagram. A first choice for U could be (2.3). That equation interpolates linearly between the
maximum speed umax at which an individual vehicle can travel and the velocity zero. This choice
leads to a quadratic approximation of the fundamental diagram, as seen in Figure 2(b). However,
other alternatives can be defined based on flows Q(ρ) that better approximate the fundamental
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(a) (b)

Figure 2. Fundamental diagram used in [2] and comparison of some flows: (a)
fundamental diagram, (b) comparison between several different flows.

diagram, with the relationship U(ρ) = Q(ρ)/ρ (remember that ρ > 0). The LWR model is therefore
given by the scalar, nonlinear conservation law

∂tρ+ ∂xQ(ρ) = 0. (2.6)

Although this model adequately describes vehicular traffic at low densities, it cannot reproduce the
phenomenon of “phantom congestion” [44], which consists in the appearance of traffic jams without
the influence of external factors and occurs due to the propagation of small disturbances in traffic.
This latter problem is critical because traffic jams arise precisely from this phenomenon, which is
the main focus of this work.

2.4. Payne-Whitham (PW) model. The Payne-Whitham (PW) model [35,36] was the first
second-order model proposed. It is given by the system

∂tρ+ ∂x(ρu) = 0, ∂tu+ u∂xu+
1

ρ
∂xp(ρ) =

U(ρ)− u

τ
, (2.7)

where p(ρ) is a strictly increasing function and (the “traffic pressure”) that models preventive
driving, and τ is the relaxation time representing the time it takes for drivers to adjust their speed
to the desired speed. Possible choices include the so-called “regular pressure” p(ρ) := βργ with
coefficients β, γ > 0 or the more complicated so-called “singular pressure”

p(ρ) = −β

(
ρ

ρmax
+ ln

(
1− ρ

ρmax

))
. (2.8)

In [2], it is proved that the PW model has solutions governed by self-sustained nonlinear traveling
waves (jamitons). However, the PW model has been criticized in [45] because, under certain
conditions, it admits solutions with negative flows and velocities (vehicles moving in the direction
of decreasing x). For this reason other second-order traffic models are preferred, although they
maintain the relaxation term in the second equation.

2.5. The inhomogeneous ARZ model. The inhomogeneous ARZ model [5,6] given by (1.1)
modifies the PW model (2.7). Instead of a pressure function (such as (2.8)) it involves a so-called
hesitation function h = h(ρ), which is assumed to be strictly increasing and plays a role similar
to pressure in the PW model. The model (1.1) is a hyperbolic system of conservation laws with a
relaxation term. It had originally been proposed in its homogeneous version, but the addition of
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the relaxation term in the second equation is precisely the ingredient that allows the appearance of
jamitons. The functions U = U(ρ) and h = h(ρ) are assumed to be twice differentiable and satisfy
the following conditions:

(a) The function U satisfies U ′(ρ) < 0 and U ′′(ρ) > 0, hence U(ρ) is decreasing and Q(ρ) is
concave since Q′′(ρ) = 2U ′(ρ) + U ′′(ρ) > 0.

(b) The function h satisfies h′(ρ) > 0 and dk(ρh(ρ))/dρk > 0, k = 1, 2.

These two assumptions ensure that the equations are well posed in the presence of jump-type
solutions. In [5], it is proven that the system (1.1) is indeed hyperbolic. This is done by multiplying
first equation of (1.1) by h′(ρ) and subtracting the result from the second, which yields the system

∂tρ+ ∂x(ρu) = 0,

∂tut +
(
u− ρh′(ρ)

)
∂xu =

h′(ρ)

τ

(
U(ρ)− u

)
.

(2.9)

We define

w :=

(
ρ
u

)
, L(w) :=

(
u ρ
0 u− ρh′(ρ)

)
, f(w) :=

(
0

h′(ρ)

τ
(U(ρ)− u)

)
(2.10)

to write the linearized ARZ system (2.9) as

∂tw +L(w)∂xw = f(w). (2.11)

The eigenvalues of the matrix L(w) are given by

λ1 = u− ρh′(ρ), λ2 = u, (2.12)

which, according to assumption (2.5), satisfy λ1 < λ2 if ρ > 0. Therefore, the system (1.1) is
strictly hyperbolic. The eigenvalues of the system are known as characteristic speeds and describe
conditions for the existence of jamitons. Depending on the variables defined, the ARZ model (2.11)
may be formulated in two other ways, namely either in conservative or in Lagrangian form.

The conservative form is achieved if we define the variable y := ρ(u + h(ρ)), which implies
u = y/ρ− h(ρ). Substituting this into the first equation of (1.1) yields

∂tρ+ ∂x
(
y − ρh(ρ)

)
= 0.

For the second relationship, the first equation of (1.1) is multiplied by (u+ h(ρ)) and added to the
second equation of (1.1) multiplied by ρ, which results in the system in Eulerian variables

∂tρ+ ∂x(ρu) = 0,

∂t
(
ρ(u+ h(ρ))

)
+ ∂x

(
uρ(u+ h(ρ))

)
=

ρ

τ

(
U(ρ)− u

)
.

Written in conservative variables Q := (ρ, y)T, this system reads

∂tρ+ ∂x
(
y − ρh(ρ)

)
= 0,

∂ty + ∂x

(
y2

ρ
− yh(ρ)

)
=

1

τ

(
ρ (U(ρ) + h(ρ))− y

)
.

(2.13)

Defining

F (Q) :=

 y − ρh(ρ)

y2

ρ
− yh(ρ)

 , S(Q) :=

(
0

1

τ
(ρ (U(ρ) + h(ρ))− y)

)
, (2.14)

we may rewrite the system (2.13) as

∂tQ+ ∂xF (Q) = S(Q). (2.15)
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This form will be essential for numerical simulations in forthcoming sections, as well as being useful
for calculating the characteristic velocities (2.12) through the Jacobian matrix JF of F .

To write the ARZ model (1.1) in Lagrangian form [46,47] we define the variables v(σ, t) and
u(σ, t), where v := 1/ρ and σ satisfies

dσ = ρdx− ρudt, σ(t = 0) = σ0 given.

In terms these variables, the model (1.1) can be written as

∂tv = ∂σu,

∂t
(
u+ ĥ(v)

)
=

Û(v)− u

τ
,

(2.16)

where ĥ(v) := h(1/v) and Û(v) := U(1/v) satisfy

dÛ

dv
> 0,

d2Û

dv2
< 0,

dĥ

dv
< 0, and

d2ĥ

dv2
> 0.

This formulation is useful for the theoretical construction of jamitons, as well as for the Smoothed
Particle Hydrodynamics (SPH) method (see [48,49]) for numerical simulations (as in [1], but the
SPH method is not used herein). Both forms have associated Rankine-Hugoniot (jump) conditions.
If [[u]] := u+−u− denotes value of the jump of a variable u across a discontinuity and s is the jump
propagation velocity, then the jump condition for (2.15) is [[F (Q)]] = s[[Q]], which for Eulerian
variables means that

[[y − ρh(ρ)]] = s[[ρ]],

[[y2/ρ− yh(ρ)]] = s[[y]]
(2.17)

or equivalently, if we recall that y = ρ(u+ h(ρ)) and use (2.17),

[[ρu]] = s[[ρ]],

[[ρu2 + ρuh(ρ)]] = s[[ρ(u+ h(ρ))]].
(2.18)

In Lagrangian form, conditions (2.18) are replaced by

[[u]] = m[[v]],

[[u]] = −[[ĥ(v)]],
(2.19)

where −m is the jump propagation velocity but in Lagrangian variables (in the Eulerian scheme,
m represents the traffic flow passing through a jump). In Section 4 the relation between both
quantities s and m is established.

2.6. Sub-characteristic condition. The macroscopic models share a type of solution called a
steady state where ρ(x, t) = ρ̃ = const. and u(x, t) = ũ = const.. This means that the traffic flows
uniformly: vehicles always keep the same distance from each other and move at their desired speed
ũ = U(ρ̃). On the other hand, the relaxation term introduced in second-order models causes the
traffic velocity u to converge to U(ρ) as τ → 0+. In this case, the solutions of the ARZ and PW
models are dominated by the continuity equation (2.2) with u = U(ρ), which precisely corresponds
to the LWR model. Also note that the characteristic velocity of the LWR model is given by

µ(ρ) = Q′(ρ) = ρU ′(ρ) + U(ρ). (2.20)

Let ρ(x, t) = ρ̃ ≥ 0 and u(x, t) = ũ = U(ρ̃) denote a base state for some second-order model. We
say that the base state (ρ̃, ũ) is linearly stable if any small perturbation decays over time. On the
other hand, the base state (ρ̃, ũ) is said to satisfy the sub-characteristic condition (SCC) if the
characteristic velocity µ = µ(ρ̃) defined by (2.20) for ρ = ρ̃ lies between the two characteristic
velocities λ1 = λ1(ρ̃, ũ), λ2 = λ2(ρ̃, ũ) with λ1 < λ2 of the second-order model, that is:

λ1 < µ < λ2. (2.21)
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The previous concepts may be considered different, but actually Whitham’s theorem proven in [50]
relates both:

Theorem 2.1 (Whitham [50]). The base state (ρ̃, ũ) is linearly stable if and only if it satisfies the
sub-characteristic condition (2.21).

Since second-order models are capable of reproducing traffic instabilities, Whitham’s theorem is
crucial for distinguishing between stable and unstable base states more easily through the SCC.
Nonetheless, instabilities can be directly studied by calculating the growth factor for perturbations
of the form eikx, as is done in [51], where the same SCC inequality (2.21) is obtained.

For the ARZ model, the characteristic speeds are given by (2.12), so its SCC (2.21) corresponds
to

ũ− ρ̃h′(ρ̃) < ρ̃U ′(ρ̃) + U(ρ̃) < ũ,

but ũ = U(ρ̃), so we obtain

−ρ̃h′(ρ̃) < ρ̃U ′(ρ̃) < 0.

By assumption (2.5), the second inequality always holds. Thus, it follows that for the ARZ model
the base state (ρ̃, ũ) is linearly stable if and only if −ρ̃h′(ρ̃) < ρ̃U ′(ρ̃) or equivalently,

h′(ρ̃) + U ′(ρ̃) > 0.

2.7. Some remarks on Whitham’s theorem. Theorem 2.1 has been investigated and extended
in several works [36,50,52–54], with a primary focus on the SCC and on even more general N -
equation hyperbolic systems than traffic models. These results include the following findings. We
first mention that Theorem 2.1 can be extended to relate the SCC to the stability of solutions, in the
sense that a steady-state solution with small perturbations converges to the initial steady state as
t → ∞. Furthermore, solutions to second-order models that satisfy the SCC everywhere converge to
LWR solutions as τ → 0. More generally, if τ is not small enough, solutions to second-order models
converge to LWR solutions but with an additional nonlinear viscosity term of magnitude O(τ).
Finally, dedicated analyses of the degenerating cases of the SCC (corresponding to the situation
when λ1 = µ < λ2 or λ1 < µ = λ2) are available [55,56].

An interesting question that has been studied in [1,2,51] is the following: how do the solutions
close to constant base states evolve in second-order models when the SCC is not satisfied? In
the mentioned works and in numerical studies [1,46], it is shown that these solutions converge to
regimes dominated by jamitons, which will be the main focus of this work.

3. Jamitons

In this section we describe in detail the construction of jamitons as exact solutions to the ARZ
model. We closely follow the approach by Ramadan [57].

3.1. Model functions. The results of the analysis are illustrated in a series of plots that are based
on the following specific functions for the ARZ model (1.1). We assume that the function Q = Q(ρ)
is given by (2.5) with parameters b = 1/3, c = 0.078umaxρmax, λ = 1/10, and umax = 20ms−1,
chosen to fit real data [2]. The value of ρmax is based on assuming a length of 5m per vehicle plus
an extra 50% of safety distance between them. Then, at ρmax there will be exactly one vehicle each
7.5 meters, and therefore ρmax = (1/7.5)m−1. The desired velocity is given by U(ρ) = Q(ρ)/ρ, and
the hesitation function is

h(ρ) = β

(
ρ

ρmax − ρ

)γ

with β = 8 and γ = 1/2.

The relaxation time τ for testing and obtaining general results will be τ = 5 seconds, but in
Section 5, effects for other values of τ will be studied. The plots of the functions are presented in
Figure 3.
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(a) (b)

(c) (d)

Figure 3. Plots of functions defined in section 3.1: (a) flow Q(ρ), (b) desired
velocity U(ρ), (c) hesitation function h(ρ), (d) plot of U ′(ρ) + h′(ρ) illustrating the
interval of violation of the SCC for the corresponding ARZ model.

3.2. Traveling-wave analysis. Jamitons are defined as self-sustained traveling waves that arise
in second-order models. These can be constructed following the Zel’dovich-von Neumann-Döring
(ZND) theory [58] since they have the same mathematical structure as detonation waves. A
traveling-wave approach leads to obtain an expression for jamitons. The construction is based
the Lagrangian formulation (2.16), but the final expressions and simulations will be translated to
Eulerian variables for better physical visualization. Let

χ :=
mt+ σ

τ
.

The goal is to find traveling-wave solutions v(σ, t) = v(χ) and u(σ, t) = u(χ) of (2.16). Substituting
these expressions into (2.16) yields the system of equations

m

τ
v′(χ)− 1

τ
u′(χ) = 0, (3.1)

m

τ
u′(χ) + ĥ′(v(χ))

m

τ
v′(χ) =

Û(v(χ))− u(χ)

τ
. (3.2)

Directly integrating equation (3.1), one obtains

mv − u = −s, (3.3)
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where s is an integration constant. In Lagrangian variables, −m corresponds to the propagation
speed of the jamiton, while s corresponds to the flow of vehicle mass passing through the wave. In
Eulerian variables, both constants interchange their meanings (s corresponds to speed and −m to
mass flow). Equation (3.3) implies that

u = s+mv, (3.4)

and replacing (3.4) in (3.2) yields the ODE of the jamiton:

v′(χ) =
w(v(χ))

r′(v(χ))
, where w(v) = Û(v)− (mv + s) and r(v) = mĥ(v) +m2v. (3.5)

Since ĥ′(v) < 0 and ĥ′′(v) > 0, the function r′(v) has at most one root vs, i.e., r′(vs) = 0 or

equivalently, ĥ′(vs) = −m. The ODE (3.5) can then be integrated across vs if w(v) has one root at
vs as well, that is w(vs) = 0 or equivalently,

Û(vs) = mvs + s. (3.6)

Equation (3.6) is known as the Chapman-Jouguet condition in ZND theory, and the point vs is called
the sonic point. Then, smooth traveling wave solutions of the ODE (3.5) can be parametrized by
vs, the sonic point, where the constants m and s are given by

m = −ĥ′(vs) and s = Û(vs)−mvs. (3.7)

Jumps moving at velocity −m can be added to the smooth profile found using the Rankine-Hugoniot
conditions (2.19). The first condition in (2.19), [[u]] = m[[v]], states that the quantity mv − u is
conserved across a jump, which corresponds to condition (3.4) for the smooth part of the traveling
wave. Combining both conditions in (2.19) and multiplying the result by m yields

[[r(v)]] = [[m2v + ĥ(v)]] = 0;

in other words, r(v) is conserved across a jump. Then, by integrating (3.5) one can incorporate a
jump at some value v− that jumps to a value v+ such that r(v−) = r(v+) and continue integrating
from there. Moreover, a necessary condition for the jump to satisfy the Lax entropy conditions is
that the specific volume must decrease through the jump, i.e., v+ < vs < v−, so the smooth portion
of the jamiton profile v(χ) must be increasing. Applying L’Hospital’s rule to the solution of (3.5)
at the point vs and keeping in mind that v must be increasing, we obtain that

Û ′(vs) + ĥ′(vs)

−ĥ′(vs)ĥ′′(vs)
> 0,

that is, Û ′(vs)+ ĥ′(vs) > 0 and therefore the SCC does not hold at vs, so jamitons with jumps exist

if and only if the SCC is violated. Consequently, since w′′(v) = Û ′′(v) < 0 always and w′(v) > 0
for v < vs, the function w may have a second root vM only for v > vs, and since (3.5) cannot
be integrated beyond vM , this profile corresponds to a maximal jamiton connecting the points vM
with vR, where r(vR) = r(vM ). It should be noted that the appearance of a maximal jamiton
is purely theoretical as it is infinitely long. The same procedure can be carried out in Eulerian
variables for (2.13) by defining η := (x − st)/τ . If we compare this with the kink solution (1.3)
of the ϕ4 equation (1.2), then the same profile behavior in Eulerian variables is obtained. In the
case of jamitons, however, an explicit formula is not available, but the traveling-wave behavior is
preserved.

3.3. Construction of jamitons. Based on the previously discussed theoretical aspects, jamitons
can be constructed as follows [57]:

(1) Choose ρs that does not satisfy the SCC condition and define vs := 1/ρs.
(2) Define m := −h′(vs) and s := U(vs)−mvs.
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(a) (b)

Figure 4. Functions w and r with a maximal jamiton and an example of standard
jamiton: (a) function w(v) with a second root vM , (b) function r(v) with a maximal
jamiton and an example of other jamiton. The point vs corresponds to the minimum
of r.

(3) Look for vM > vs such that w(vM ) = 0 and define rmin := r(vs) and rmax := r(vM ) (see
Figure 4).

(4) Search for vR < vs such that r(vR) = rmax.
(5) Choose v− such that vs < v− and r(v−) ∈ (rmin, rmax).
(6) Choose v+ such that v+ < vs and r(v−) = r(v+).
(7) One solves the initial-value problem of the ODE (3.5) from a point χstart with initial con-

dition v(χstart) = v+ and stops when the value v− is reached.

In Figure 5, examples of jamitons in the variables v, ρ, and u are presented, where we recall
that v = 1/ρ and u is obtained from (3.4). In such cases, integration was performed in the variable x,
where we used that

dη =
1

τ
(x− s dt) =

1

τ
(dx+mv dt− udt) =

1

τ
(v dσ +mv dt) = v dχ,

and the chain rule in the ODE (3.5). With this construction, some properties of the jamiton in the
coordinate x can be calculated, such as its length L given by

L = τ

∫ v−

v+
v
r′(v)

w(v)
dv, (3.8)

the total number N of vehicles [2] in the jamiton given by

N = τ

∫ v−

v+

r′(v)

w(v)
dv, (3.9)

and its amplitude A defined by

A = ρ+ − ρ−. (3.10)

In Figure 6 jamitons of various sizes and speeds are shown, along with their lengths (3.8) and total
numbers of vehicles (3.9). In this case, the number of vehicles may not be natural since it is a
continuous model, but an approximate value is obtained.

3.4. Jamitons in the fundamental diagram. It is instructive to visualize jamitons in the fun-
damental diagram. Roughly speaking, the idea consists in visualizing all pairs (ρ, q := ρu) that
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(a) (b)

(c)

Figure 5. Example of a chain of jamitons, along with a maximal jamiton, shown
as a function (a) v = v(x), with jamitons between v+ and v−, (b) ρ = ρ(x), with
jamitons between ρ+ and ρ−, (c) u = u(x), with jamitons between u+ and u−.

arise within the definition of one jamiton. Clearly, since jamitons are not constant solutions, they
cannot be points on the FD. By multiplying the relationship (3.4) by ρ, one has

q = ρu = sρ+m, (3.11)

in other words, a jamiton gives rise to a line segment in the (ρ, q)-plane of flow rate versus den-
sity, and its slope corresponds to the propagation speed of the jamiton. Furthermore, using the
Chapman-Jouguet condition (3.6) for vs = 1/ρs and the equalities (3.7), we may rewrite (3.11) as

q = s(ρ− ρs) + ρsU(ρs) (3.12)

and evaluating (3.12) at ρ = ρs, we obtain that q(ρs) = ρsU(ρs) = Q(ρs) by definition of Q, and
therefore, the jamiton segment intersects the equilibrium flow at ρs. In Figure 7, an example of a
jamiton in the fundamental diagram is depicted, where the endpoints of the segment (ρ+, ρ+u+)
and (ρ−, ρ−u−) represent the two states of the jamiton across the jump.

For each ρs that violates the SCC, the corresponding maximal jamiton is the line segment
connecting the points (ρM ,m + sρM ) and (ρR,m + sρR), where ρM = 1/vM and ρR = 1/vR are
constructed following the steps in Section 3.3. Since w(vM ) = 0 by construction, there holds
Û(vM ) = mvM + s, and multiplying this identity by ρM yields m+ sρM = Q(ρM ), hence (ρM ,m+
sρM ) also belongs to the equilibrium curve. Figure 7 shows some maximal jamitons for various ρs
that violate the SCC, along with the jamitonic envelope. This envelope indicates the boundary on
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(a)

(b)

(c)

Figure 6. Jamitons of various lengths: (a) small-length jamiton with ρs =
0.45ρmax, with length L ≈ 15.27 and N ≈ 0.91 vehicles, (b) medium-length jamiton
with ρs = 0.525ρmax, L ≈ 231.70 and N ≈ 14.05 (notice that this jamiton moves to
the left), (c) long jamiton with ρs = 0.6ρmax, L ≈ 1507.27 and N ≈ 93.65, shown in
all cases in the variables (left) ρ and (right) u.

which the jamitons must fall, called the jamiton region. The upper envelope corresponds to the
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(a) (b)

Figure 7. Illustration of jamitons in the fundamental diagram: (a) maximal jami-
ton and a jamiton in the (ρ, q)-plane (both lie on the same line passing through
(ρs, Q(ρs))), (b) jamiton region composed of several maximal jamitons, along with
the jamitonic envelope.

curve generated by joining the points (ρR,m+ sρR). On the other hand, the segments of jamitons
also intersect below the equilibrium line, so they also form a lower envelope. This curve is given
by points (ρ∗, q∗) that satisfy

ρ∗(ρs) = −m′(ρs)

s′(ρs)
, q∗(ρs) = m(ρs) + s(ρs)ρ

∗(ρs).

An interesting result proven in [2,51] is that the velocity of a jamiton is determined by the sonic
density ρs only. Furthermore, s decreases with respect to ρs. Indeed, from (3.7) written in Eulerian
variables, we deduce that

s(ρs) = U(ρs)− ρsh
′(ρs),

hence

s′(ρs) = U ′(ρs)− h′(ρs)− ρsh
′′(ρs) = U ′(ρs) + h′(ρs)−

(
ρsh(ρs)

)′′
.

We have U ′(ρs)+h′(ρs) < 0 since it is assumed that ρs violates the SCC (if not, there would be no
jamiton), while (ρsh(ρs))

′′ > 0 since it was assumed that ρh(ρ) is convex. Thus, s′(ρs) < 0, i.e., s
decreases with respect to ρs. Figure 7 illustrates how the slope of each maximal jamiton segment
decreases as ρs increases.

3.5. Stability of jamitons. In [51], the dynamical stability of jamitons under small perturbations
was studied numerically. In this case, it was determined that stability depends on the size of the
jamiton: very small jamitons are unstable because they collide with new jamitons arising from the
perturbations, while larger jamitons are also unstable, but in this case, they split into two or more
jamitons. Both cases are visible in the phase plane (ρs, L), as well as in the fundamental diagram,
as shown in Figure 8. Additionally, in [57] both concepts of (orbital) stability and asymptotic
stability of jamitons are also discussed. While the notion of stability is clearly obtained as the
numerical survival of perturbations of jamitons (see also the previously cited work [51] for a deeper
analysis), the notion of asymptotic stability is defined as the existence of exponentially decaying
(in time) solutions for the corresponding linearized dynamics, also called sometimes in dispersive
PDEs as “convective stability”. For further details, see [57, Chapter 5].
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(a) (b)

Figure 8. Stability plots obtained from [51] Left: Stable and unstable jamitons in
the (ρs, L) plane. Right: Stable and unstable jamitons in the fundamental diagram.

4. Simulation of the ARZ model

The numerical method for the discretization of the ARZ model (1.1) involves the well-known
Harten-Lax-van Leer (HLL) [59] numerical flux, which represents an approximate Riemann solver.
Since the ARZ model includes a relaxation term that makes it non-homogeneous, it is approximated
by a two-step time-splitting scheme (cf. [20, Chapter 17]): first, the homogeneous model is solved
by using a finite volume scheme (involving the HLL numerical flux), and then, the differential
equation

∂tQ = S(Q) (4.1)

is solved, where S corresponds to the relaxation source term in the system. In each time step,
the numerical solution of the ODE (4.1) is applied to the finite volume solution obtained in the
previous step.

4.1. HLL solver for a system of conservation laws. A simple approximator that yields good
results and ensures that the numerical flux satisfies the entropy condition [60] is the HLL numerical
scheme [51]. To introduce the scheme, we consider the system of conservation laws

∂tQ+ ∂xF (Q) = 0 (4.2)

and assume a uniform grid of cells Ii,n := [xi−1/2, xi+1/2] × [tn, tn+1], where it is assumed that
xi−1/2 = (i− 1/2)∆x and tn = n∆t for i ∈ Z and n ∈ N0. If Qn

i denotes an approximate value of
the cell average of Q on Ii,n then an explicit finite volume scheme for (4.2) can be written as the
marching formula

Qn+1
i = Qn

i − (∆t/∆x)
(
F(Qn

i ,Q
n
i+1)−F(Qn

i−1,Q
n
i )
)
, (4.3)

where F = F(QL,QR) is a numerical flux function that among other properties should be consis-
tent with the exact flux F = F (Q) in the sense that F(Q,Q) = F (Q) for all Q.

The HLL scheme is defined by the particular choice of F = F(QL,QR) given by

FHLL(QL,QR) =
1

s+R − s−L

(
s+RF (QL)− s−LF (QR) + s+Rs

−
L (QR −QL)

)
, (4.4)

where sL and sR are lower and upper estimates of the characteristic speeds involved in the solution
of the Riemann problem for (4.2) defined for left and right states QL and QR, and we define
a+ := max{a, 0} and a− := min{a, 0}. For a hyperbolic system (4.2) of a general number m
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of equations and unknowns, where the characteristic speeds (eigenvalues of the Jacobian matrix
JF (Q) = (∂Fi(Q)/∂ϕj)1≤i,j≤m) are given by λ1(Q) ≤ λ2(Q) ≤ · · · ≤ λm(Q), one may choose
sR = max{λm(QL), λm(QR)} and sL = min{λ1(QL), λ1(QR)}. These formulas are utilized for
m = 2 when (4.2) represents the the homogeneous version of the system of balance equations
(2.15), and the corresponding characteristic speeds λ1 and λ2 are given by (2.12).

The preceding description is limited to the final form of the HLL scheme. For its motivation based
on the simplified solution of the above-mentioned Riemann problem through a wave configuration
that consists of just two waves separating three states (namely QL, an intermediate one, and QR)
we refer to monographs on numerical schemes for conservation laws, for instance [20–23].

4.2. Simulation with relaxation term. To incorporate the source term into the model, one
simply needs to numerically solve the ODE (4.1), where the update accounts for the term Q∗

i
obtained from simulating the homogeneous scheme. The non-homogeneous ARZ model written in
conservative variables reads (2.15), where the source term S(Q) is given by the second equation of
(2.14). Then one must solve (4.1) and since the relaxation term only appears in the second equation,
it suffices to update the variable y. Equation (4.1) is solved using an implicit time-stepping scheme,
as it is undesirable to impose additional CFL conditions on spatial and temporal steps, and to take
advantage of the absence of a relaxation term for the variable ρ, simplifying the computational
implementation. Discretizing (4.1) gives that

yn+1
i − y∗i

∆t
=

ρn+1
i U(ρn+1

i ) + h(ρn+1
i )− yn+1

i

τ
, ρn+1

i = ρ∗i , (4.5)

where the second equation holds because there is no source term for ρ. Thus, defining α := ∆t/τ ,
we obtain from (4.5) the following update scheme for the variable yn+1

i :

yn+1
i =

α

α+ 1
(ρ∗iU(ρ∗i ) + h(ρ∗i )) +

1

α+ 1
y∗i ,

where ρ∗i and y∗i are obtained from (4.3) with Qn+1
i replaced by Q∗

i = (ρ∗i , y
∗
i )

T.

4.3. Results. In [61], several simulations of traffic jams on circular roads and the appearance of
initially small jamitons, also known as “jamitinos,” on an infinite road are presented. To validate
the scheme, the results obtained in [61] will be emulated, and error tables between the simulation
with a jamiton as the initial condition and its theoretical solution will also be presented. In all
simulations, periodic boundary conditions (circular road) were considered. The benefit of this type
of conditions is the preservation of vehicular mass over time since there are no exits or entrances
of vehicles, meaning that the number of vehicles N given by

N(t) :=

∫ L

0
ρ(x, t) dx,

is constant for all times t. This provides another way to validate the numerical simulations.

4.4. Example 1: accuracy of the numerical scheme. The scheme described in Section 4.2
was applied to an initial jamiton-like solution constructed in Section 3. The simulation was run
until a final time tfinal and compared with the theoretical (exact) solution given by Qtheo(x, t) :=
Qjam((x − st)/τ), where Qjam is obtained from the construction in Section 3.3. The relative L1

error

ε∆x := 100
∥Q∆x −Qtheo∥L1

∥Qtheo∥L1

of a numerical solution Q∆x computed with a spatial discretization ∆x was calculated for various
grid refinements and values of the relaxation parameter τ . See Figure 9 for further details.

In Table 1, the errors obtained for tfinal = 0.5 and tfinal = 2, respectively, for three different values
of τ are shown. These errors correspond to a fixed jamiton with ρs = 0.433ρmax and v− = 26. As
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(a) (b)

(c) (d)

Figure 9. Example 1 (accuracy test): sample comparison between the numerical
simulation and theoretical jamiton with ρs = 0.433ρmax, v− = 26, and N = 200:
(a) jamiton-like initial condition, (b) comparison of exact and numerical solutions
at simulated time t = 1.01, (c) numerically simulated number of vehicles (for the
exact solution, the difference N(t)−N(0) should be zero), (d) enlarged view of the
exact and numerical solutions at simulated time t = 2.47.

expected, as the mesh becomes finer, the solution better approximates the theoretical solution.
However, for τ = 1, the errors are larger for both final times compared to τ = 5 and τ = 10. This
could indicate that the simulation does not accurately approximate the exact solution when τ is
small, especially if one wishes to study the convergence of ARZ to LWR as τ tends to 0. This case
will not be covered in this work, but in [20, Chap. 17], an approach and a fractional step update
for τ → 0 are proposed.

4.5. Example 2: emergence of jamitons. In Figure 10 formations of jamitons are observed with
initial conditions that emulate a small perturbation. The size and displacement of the obtained
jamitons depend to some extent on the initial density, which in all cases was chosen to violate the
SCC. In the case of Figures 10(a) and (b), the jamiton travels with positive velocity to the right,
while in Figures 10(c) and (d), the resulting jamiton, besides being longer, moves with negative
velocity, i.e., towards the left.
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Table 1. Example 1 (accuracy test): errors for various values of N , τ , and simu-
lated times tfinal.

tfinal = 0.5 tfinal = 2

τ = 1 τ = 5 τ = 10 τ = 1 τ = 5 τ = 10

N ε∆x
ρ ε∆x

u ε∆x
ρ ε∆x

u ε∆x
ρ ε∆x

u ε∆x
ρ ε∆x

u ε∆x
ρ ε∆x

u ε∆x
ρ ε∆x

u

20 5.908 2.661 2.519 1.205 1.779 0.862 19.760 9.725 6.055 2.690 3.524 1.663
40 3.079 1.445 1.992 0.874 1.187 0.526 11.521 5.495 2.837 1.251 2.589 1.226
80 1.437 0.667 0.594 0.296 0.957 0.402 7.052 3.282 1.308 0.622 1.092 0.491
160 1.028 0.503 0.350 0.170 0.290 0.143 4.473 2.021 0.722 0.363 0.493 0.246
320 0.649 0.304 0.203 0.111 0.179 0.088 2.834 1.235 0.337 0.187 0.217 0.127
640 0.244 0.123 0.103 0.051 0.131 0.072 1.207 0.538 0.186 0.106 0.140 0.088
1280 0.099 0.048 0.070 0.034 0.086 0.046 0.487 0.235 0.094 0.064 0.120 0.067
2560 0.055 0.026 0.050 0.025 0.073 0.039 0.295 0.144 0.065 0.044 0.094 0.053

Table 2. Example 4 (approximation of the jamiton propagation velocity): errors
in s and m for various values of N and τ at simulated times tfinal = 2.

τ = 1 τ = 5 τ = 10

N ε∆x
s ε∆x

m ε∆x
s ε∆x

m ε∆x
s ε∆x

m

20 0.01623 0.03049 0.00371 0.01826 0.03326 0.02255
40 0.00312 0.01316 0.00522 0.00253 0.01849 0.01286
80 0.00410 0.00235 0.00566 0.00125 0.01087 0.00785
160 0.00429 0.00007 0.00526 0.00272 0.00701 0.00533
320 0.00423 0.00128 0.00487 0.00328 0.00473 0.00374
640 0.00171 0.00048 0.00248 0.00170 0.00209 0.00162
1280 0.00029 0.00008 0.00233 0.00179 0.00091 0.00070
2560 0.00025 0.00006 0.00165 0.00131 0.00063 0.00051

4.6. Example 3: jamitons on a long circular road. In Figure 11, the formation of so-called
“jamitinos”, i.e., initially small jamitons, as shown in [61], is observed. The setting is as follows: one
starts from a more pronounced Gaussian initial condition on a circular road six kilometers long,
essentially approximating an infinite road. After some time, a chain of jamitinos with positive
velocity forms from a larger jamiton with negative velocity. Since one is modeling a circular road,
naturally the large jamiton collides with some jamitinos. What is observed is that the result of
colliding two jamitons is another jamiton, but with different length and velocity compared to those
initiated before the collision. This will be examined in more detail in Section 5. In Figure 11(c), the
simulation of jamitons was run for a long time. It is observed that the solution is dominated by a
jamitonic regime, with several jamitons connected by jumps and of equal amplitude but apparently
of different lengths. This situation can occur if each jamiton has a different sonic density ρs. It can
also be noted that all jamitons in Figure 11(c), being connected by jumps, share the parameter ρ−.
This observation will be important for establishing the collision scheme in Section 5.

4.7. Example 4: approximation of the jamiton propagation velocity. An important value
to obtain from the simulation of jamitons is the propagation velocity, especially if one wishes to
study numerically jamitons and the theoretical parameters of the jamiton are unknown. A first
approximation would be to obtain ρ+ and ρ− from the simulation, since ρ+ and ρ+ are the maximum
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(a) (b)

(c) (d)

Figure 10. Example 2 (emergence of jamitons): examples with (a, b) low initial
density, (c, d) high initial density; (a, c) initial condition, (b, d) formation of a
jamiton at simulated time (b) t = 13.42, (d) t = 23.07.

and minimum of ρ(x, t) for a jamiton-like solution at arbitrary, sufficiently large time t (i.e., when
the solution has attained the traveling wave regime). With these parameters, the value of ρs can
be approximated using the construction of a jamiton. However, this method has a high error
rate since it depends only on two points of the simulation, and the error of the numerical scheme
could propagate in the estimation of ρs. Therefore, another way to approximate s and m that
has higher precision is desirable. In Section 3 we demonstrated that jamitons corresponded to line
segments in the fundamental diagram, and that these line segments intersect the equilibrium curve
at (ρs, Q(ρs)), where m and s correspond to the intersection and slope of the line passing through
the segment, respectively. This result allows us to approximate the velocity of propagation of a
jamiton by resorting to the (ρ, q) plane. The method for obtaining this was presented in [51]. It
consists in taking a jamiton-like solution obtained from the simulation ρjam and ujam, and plotting
the obtained data in the (ρ, q) plane (i.e., plotting (ρjam, ρjamujam)). The expected result would
correspond to a line segment with the parameters of the jamiton. Thus, mjam and sjam can be
obtained from a linear regression of the mentioned plot.

To observe the effectiveness of the method, a jamiton with ρs = 0.433ρmax and v− = 26 was
taken as the initial condition (as in Example 1). The relative error between s and m of the jamiton
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(a) (b)

(c)

Figure 11. Example 3 (jamitons on a long circular road): (a) initial condition,
(b) formation of a large jamiton and several jamitinos at t = 117.09, (c) solution is
governed by the jamitonic regime at t = 1646.79.

and the one obtained by linear regression was calculated, given by:

ε∆x
s = 100

|s∆x − stheo|
|stheo|

, ε∆x
m = 100

|m∆x −mtheo|
|mtheo|

.

For this particular jamiton, we have mtheo ≈ 0.356 and stheo ≈ 6.374. The effectiveness of the
method was tested by running the simulation until tfinal = 2 for τ = 1, 5, 10 with increasingly finer
grids. The results are shown in Table 2. The effectiveness of the method is evident from Table 2,
even with relatively coarse grids, and its precision increases as the grid becomes finer. This method
will be used in Section 5 to determine the exit velocities of the jamitons resulting from the collision
of jamitons.

5. Collision of jamitons

5.1. Compatibility of jamitons. As mentioned in Section 4, the collision of jamitons was ob-
served in the formation of jamitinos on a circular route. In such a case, the collision of two jamitons
results in a new jamiton with parameters possibly different from those of the original jamitons. Ad-
ditionally, it was observed that for two jamitons to collide, they must share the value of ρ−, as they
necessarily must be connected by the jump between ρ− and ρ+ (or in Lagrangian variables, between
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Figure 12. Compatible densities with a test jamiton. In red, possible densities
that break the SCC condition.

v+ and v−). Indeed, consider two jamiton-type solutions Q1
jam and Q2

jam with parameters ρ1s, v
1
−,

v1+, and and ρ2s, v
2
−, and v2+, respectively. The idea is to obtain a necessary condition for Q1

jam to be
able to join Q2

jam. The smooth part of Q1
jam is obtained by integrating the ODE (3.5) between v1+

and v1−. However, “the jump of Q2
jam” connects the values v2− with v2+, so if one wants to join the

smooth part of Q1
jam with “the jump of Q2

jam,” necessarily v1− = v2−. This condition will be known
as the compatibility condition between jamitons.

Definition 5.1 (Compatibility). Two jamitons Q1
jam and Q2

jam with parameters v1− y v2−, respec-
tively, will be compatible if v1− = v2−.

It can be noted that the compatibility condition does not completely restrict the values of ρs or
v+, even though the latter depends on both ρs (since m = m(ρs) and s = s(ρs)) and v−. Since the
family of jamiton solutions is parametrized by ρs, it is possible to study the compatibility of various
jamitons of different sizes and lengths based on their sonic density for a fixed jamiton given by ρs.
First, a ρtest will be chosen such that the selection interval for v− is the largest among the densities
that break the SCC, and vtest− will be chosen as the midpoint of the interval found. Then, sonic
densities will be chosen such that the maximal jamiton interval given by [vR, vM ] contains vtest− .
The densities found are shown in Figure 12. The test jamiton chosen has parameters ρs ≈ 0.4333
and vtest− ≈ 26.602.

This ensures that the study of collisions considers a variable amount of different sizes and lengths,
and that the jamitons to collide are compatible, as vtest− can be chosen within the jamitons to collide.
However, the first step of choosing ρtests can be done for any ρs that breaks the SCC. The particular
choice made was to maximize the number of possible collisions with a single test jamiton.

5.2. Example 5: collision between two compatible jamitons. As mentioned in Section 4,
in the simulation of jamitinos, various collisions between jamitinos with different velocities are
observed, as well as some being absorbed by the larger initial jamiton. This leads to the following
conjecture, whose validation at the moment is purely numerical and can be observed in Figure 13.

Conjecture 5.2. The collision of two compatible jamitons generates a unique new jamiton whose
parameters depend on the original jamitons.

This conjecture is crucial as the simulations are conducted with the anticipation of the emergence
of a new jamiton. The selected jamitons are merged with the test jamiton, which is then imposed
as the initial condition in the simulation. The code is then allowed to run until a sufficiently long
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(a)

(b) (c)

Figure 13. Example 5 (collision between two compatible jamitons): (a) collision
between a jamiton with ρs = 0.425ρmax and another with ρs = 0.443ρmax, both
with v− = 25 shown in the variables (left) ρ and (right) u, (b) segment in the (ρ, q)-
plane approximating the jamiton obtained from the collision in (a) (supporting the
appearace of a post-collision jamiton), (c) illustration that the collision algorithm
maintains the conservation law with little variation in the total number of vehicles.

time has elapsed for the resulting jamiton from the collision to form. Since this jamiton is obtained
purely numerically, to obtain its properties, such as m and s, the method described in Section 4.7
is used based on the behavior of a jamiton in the fundamental diagram. Figure 13(a) shows an
example of how two jamitons collide and the resulting jamiton after a time tfinal. In Figure 13(b),
the segment approximating the post-collision jamiton in the (ρ, q) plane is observed.

5.3. Example 6: simulation of multiple collisions. With the proposed algorithm, 274 different
collisions are performed between the test jamiton and the compatible jamitons, where we use τ = 5
and N = 160 as the total number of points in the grid, and ∆t such that the CFL condition
smax∆t/∆x ≤ 1/2 is satisfied. The simulations of the various collisions were run in parallel on
20 HPC clusters. The resulting jamitons from the collisions have their propagation velocities
calculated, as seen in Figure 14(a) as a function of the densities ρs compatible with the test
jamiton. Other properties can be calculated from the post-collision jamitons, such as length and
amplitude given by equations (3.8) and (3.10).
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(a) (b)

(c) (d)

(e)

Figure 14. Example 6 (simulation of multiple collisions): (a) plot of post-collision
exit velocities (the data at ρ/ρmax ≈ 0.44 corresponds to jamitons that did not
collide because they had very close values of ρs; note the small initial bump that
appears in the post-collision exit velocities), (b) lengths obtained after each collision,
(c) amplitudes obtained after each collision, (d) values of ρ+ after each collision, (e)
comparison with function s(ρs).

Figures 14(b) and (c) show the lengths and amplitudes of the resulting jamitons as a function of
the compatible ρs values and compared to those of the jamitons before colliding. The dashed line
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represents the test jamiton. Figure 14(d) presents the values of ρ+ after each collision. Similarly, the
exit velocities can be compared along with the function s(ρs), resulting in the graph in Figure 14(e).

An interesting result can be observed in Figure 14(a) for ρs/ρmax ∈ [0.26, 0.35]. Note that for
some collisions, the exit velocities increased compared to the test jamiton. This could indicate that
a jamiton can accelerate if it collides with smaller-sized jamitons, and if the relationship between
velocity and size meets certain properties, it could even decrease the size of a jamiton. This provides
an important tool in practical applications, as traffic could potentially be disentangled by colliding
with chains of smaller-sized jamitons. On the other hand, in Figure 14(e) it can be observed that
the exit velocities correspond to a smoothing between the constant ρtest and the function s(ρs).
This indicates that the predominant jamitons after the collision are those of larger size, meaning
that the smaller jamitons in length and amplitude are absorbed by the larger ones. However, in the
collisions of jamitons with ρs/ρmax ∈ [0.40, 0.45], there is a certain additivity in their amplitudes,
as the amplitude obtained after the collision turns out to be greater than the amplitudes before
the collision. A contrary effect, observable in Figure 14(e), occurs with the exit velocities, which
decrease compared to the input jamitons for the same density range. This phenomenon can be
summarized in the following conjecture:

Conjecture 5.3 (Post-collision inequalities). Let Qjam be a jamiton with sonic density ρs. Let
{Qjam(ρ

jam
s )} be a corresponding non-empty set of compatible jamitons parametrized by their sonic

densities ρjams . Let Qpost be the jamiton obtained from the collision of Qjam with Qjam(ρ
jam
s ) and

with sonic density ρposts . Then the following hold:

• There exists a ρ0s such that s(ρposts ) ≤ s(ρs) for all ρjams ≥ ρ0s and s(ρposts ) ≤ s(ρjams ) for

all ρjams .

• There exists a ρ1s such that A(ρposts ) ≥ A(ρjams ) for all ρjams ≤ ρ1s.

• L(ρposts ) ≥ L(ρs) and L(ρposts ) ≥ L(ρjams ) for all ρjams .

5.4. Example 7: effect of the relaxation time. An interesting question is whether the same
phenomenon persists for different values of the relaxation time τ , where we recall that this param-
eter appears recurrently in the theoretical study of jamitons. To answer this question, the same
experiment conducted previously is repeated, but with two additional different values of τ (τ = 1
and τ = 10). The outcome of the collisions is observed in Figure 15(a). The behavior of the exit
velocities is consistent across different values of τ . This makes sense because both m and s depend
only on the sonic density, not on the value of τ . This leads to the following conjecture:

Conjecture 5.4. The sonic velocity of the jamiton resulting from a collision is independent of τ .

The other properties of a jamiton, such as the amplitude, length, and ρ+, can also be studied
by varying τ . In Figures 15(b) to (d), the amplitudes, lengths, and ρ+ for τ = 1, 5, and 10 are
obtained. It can be observed that such properties also do not depend on τ . This is also expected
because both ρ+ and ρ− depend only on ρs, which in turn is independent of τ . This adds more
invariants to the collision of jamitons:

Conjecture 5.5. The amplitude and value of ρ+ of the jamiton resulting from a collision are
independent of τ .

However, in Figure 15(b), it is observed that the length of the post-collision jamiton changes,
being greater as τ increases. This effect is related to the formula for length given in (3.8), which
depends on τ . This leads to the following conjecture:

Conjecture 5.6. The length of the jamiton resulting from a collision depends on τ .

It is interesting to study whether there is additivity in the lengths of the jamitons, that is,
whether the length of the jamiton post-collision corresponds to the sum of the lengths of the
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(a) (b)

(c) (d)

Figure 15. Example 7 (effect of the relaxation time): (a) plot of post-collision exit
velocities , (b) lengths and (c) amplitudes of the resulting jamiton, (d) values of ρ+,
all for various values of τ .

jamitons before colliding. For this, the lengths of the jamitons before collision are calculated,
summed up, and compared to the lengths post-collision. The following normalized error is defined:

EL :=
Lcol − (L+ Ltest)

max
ρ

(L+ Ltest)
, (5.1)

where Lcol corresponds to the length of the jamiton post-collision, Ltest to the length of the test
jamiton, and L to the length of the jamiton collided with the test jamiton. Figure 16 shows the
results obtained for EL in (5.1). It is observed that indeed the error is small, especially for the case
τ = 5. Additionally, the most noticeable differences could perfectly be caused by numerical errors
in the simulation. This leads to the following conjecture:

Conjecture 5.7. The length of the jamiton after colliding corresponds to the sum of the lengths
of the colliding jamitons.

6. Conclusions

To conclude this work, a summary of the content and results in each section is provided, along
with potential future lines of development. Section 2 introduced properties of the most used traffic
models, being the inhomogeneous ARZ one of the key models studied here. In Section 3, the
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(a) (b)

(c)

Figure 16. Example 7 (effect of the relaxation time): normalized length error EL

for (a) τ = 5, (b) τ = 10 and (c) τ = 1.

theoretical derivation of jamitons and their properties was observed. In Section 4, the numerical
scheme was validated under numerical errors and comparisons with theoretical jamitons. Finally,
in Section 5, several results in the collision of jamitons were defined and numerically tested: the
collision of jamitons originates a new jamiton, the exit velocities correspond to the smoothing of two
functions, the exit lengths increase, as well as the amplitudes (in a density range), and properties
dependent and independent of τ post-collision were observed..

The collision of jamitons leaves several open questions to be answered, especially in the theoretical
realm, as the results of this paper are only numerical but can provide direction for eventual proofs.
Therefore, theoretical explanations or mathematically robust validations are tasks for future work.
On the other hand, further experimentation with numerical simulations can be carried out to explore
beyond double collisions. For example, simulating triple, quadruple collisions, or even collisions of
N jamitons. Of course, the results at this point must be carefully analyzed as they correspond
to cases of greater complexity and whose final outcome is highly non-trivial. Similar cases have
been studied in other types of systems, such as the Schrödinger equation where there is an explicit
solution for the interaction of N solitons [62]. Following this line, one can also experiment with
’bombardments’ using chains of jamitons on a larger-sized jamiton, hoping to decrease its amplitude
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and, in simpler terms, alleviate traffic congestion. The veracity of this effect is unknown, but Figure
14 suggests that at least the speed of the larger jamiton can be increased.

Another experiment that can be carried out is to collide using other functions h, U , or Q
determined from another more localized fundamental diagram. For example, specific routes in a
city or country. In this way, numerical simulations can be adjusted to different realities, as well as
being able to apply them in real life and solve everyday problems.

Finally, a future work that can be carried out, although it deviates slightly from the theme
of the paper, is to implement control models for traffic jams through numerical simulations of
jamitons. As mentioned earlier, empirical control experiments have been conducted, but there is
no mathematical rigor regarding them, so a good future work would be to experiment with these
cases under numerical simulations and derive theoretical results.
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